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Abstract

Sequential decision-making under uncertainty is an important part of machine learning, where opti-
mal algorithms are able to make intelligent decisions based on data acquired in a sequential feedback
loop. Optimization with bandit feedback, where only noisy feedback corresponding to the decision
choice made (rather than all possible choices) is available, is a pivotal component in the sequential
decision-making under uncertainty paradigm. Bandit optimization problems motivate design of al-
gorithms that can handle partial feedback, sequential data that are not independent and identically
distributed (i.i.d.), and achieve good performances on-the-fly. This framework has shown significant
impact in interactive applications including hyperparameter tuning, recommendation systems, adap-
tive control trials, and other scientific disciplines. However, difficulty of analyses in bandits often limits
the broadness of problem settings for which theoretical understanding and algorithms are developed,
especially compared to the variety of problem structures present across these domains. This thesis
identifies and addresses open problems in bandit optimization when leveraging general problem struc-
tures to design optimal algorithms. This thesis presents results that broaden the bandit framework
beyond traditional assumptions by developing novel theoretical guarantees and algorithms that work in
more generalized settings, expanding the applicability of bandit algorithms and relevance of theoretical

results.

The first part of this thesis focuses on addressing inefficiencies of existing algorithms and limitations
in the problem assumptions. Firstly, we present results that unify bandit optimization across reward
functions with different levels of smoothness by filling the gap between the non-parametric Lipschitz
continuous functions and the parametric linear functions. We present a novel algorithmic framework
with optimal statistical guarantees for functions with the general notion of Holder smoothness which
encapsulates both Lipschitz and parametric functions as special cases. Secondly, we investigate the
sample complexity without the knowledge of the reward function smoothness. We develop matching
upper and lower bounds on sample complexity of algorithms that are adaptive to the smoothness
of the reward function, and conclude with a comprehensive overview across multiple function spaces
including reproducing kernel Hilbert spaces and Holder spaces. In the second part of this thesis, we take
inspiration from classical results on M-estimators based on influence (score) functions and show that
the same idea can be used to derive a unifying analytical framework that naturally fits M-estimators

with optimism-in-face-of-uncertainty type of bandit algorithms in a “plug-and-play” fashion.

Together, this thesis advances optimization with bandit feedback by enabling novel algorithms and

statistical guarantees pertaining to richer and more general landscapes.
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Chapter 1

Introduction

Sequential decision-making under uncertainty is an essential framework in machine learning. This
broad framework encompasses many important areas of study, including bandit optimization, active
learning and reinforcement learning, that have received long and evolving attention for their statistical
importance and wide range of applications. In passive settings, algorithms typically receive data in one
single batch or are given data generated independent and identically distributed (i.i.d.) from some fixed
distributions. In contrast, in sequential settings, the algorithm interacts with the unknown environment
sequentially in a feedback loop. In this case, the algorithm’s decision at the current around can affect
data received in the future, and the data observed by the algorithm are often non-i.i.d. The sequential
nature of the problem and the feedback loop motivate design of smarter, more efficient algorithms
than those designed for passive settings, that can achieve good performance in fewer tries. Optimal
algorithms in the sequential setting need to handle sequentially acquired data and make informed
decisions (actions) to optimize their performance. The analysis and development of optimal methods

for the sequential decision-making tasks are therefore more challenging and theoretically interesting.

Bandit optimization is a classical sequential decision-making problem. At each round, the algorithm in-
teracts with the environment by selecting an action (arm), then receiving feedback (reward) pertaining

to that action. The bandit optimization framework is equipped with the following characteristics,

1. Noisy observations: to better align with with practical situations, the feedback is typically mod-
eled as a noisy instantiation of an underlying true reward (function), making the optimization

more difficult.

2. Partial feedback: only the (noisy) reward of the selected arm is revealed, as oppose to the reward
of the full set of arms. This differentiates bandit optimization from certain online optimization

settings.

3. Cumulative regret minimization: the algorithm’s performance is evaluated by a non-decreasing
metric known as the cumulative regret. The goal is to minimize this notion of regret. As a result,

the algorithm has to control its performance across all the steps.

Notably, the bandit framework incorporates the interesting challenge of the exploration-exploitation

trade-off through cumulative regret minimization (point 3). On one end of the spectrum is exploration,
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which means that the algorithm should sample unfamiliar actions to learn about the environment so
that it can potentially discover better actions for the future. Exploitation, on the other end of the
spectrum, means that the algorithm should take advantage of its estimation of the environment and
select already-promising actions to keep its performance good.

As a result, optimal algorithms designed under the bandit framework have the ability to make intelli-
gent decisions for more efficient optimization, striking the right balance between both exploration and
exploitation, based on non-i.i.d. data. These factors ensure good behavior for learning and optimizing
in unknown environments on-the-fly. Thus, the bandit framework has been used in a wide range of
applications for interactive scenarios, such as hyperparameter optimization [Li et al., 2018], recommen-
dation system [Li et al., 2010], economics [Chen et al., 2023], and in other scientific disciplines such as

material science and astrophysics.

The other side of the coin is that, designing algorithms with sound theoretical guarantees and under-
standing the learning complexity in the bandit framework are challenging tasks. The difficulty limits
the extent and breadth of relevant theoretical studies. This thesis addresses fundamental open prob-
lems in the bandit framework by designing novel algorithms with optimal performance and deriving
theoretical guarantees, under more generalized problem structures. More specifically, the contributions
in this thesis are summarized below. We consider optimization of reward functions that are smooth

functions defined over a continuous action space, unless specified otherwise.

1.1 Summary of Contributions

Part I (Chapter 2 ~ 3)

The first part of this thesis focuses on addressing limitations in the problem assumptions and con-
sequently, inefficiency in existing algorithms designed under the limiting assumptions. Chapter 2
describes our contributions in generalizing bandit optimization across different levels of smoothness
of the reward function. Previous works either focus on parametric cases such as linear functions, or
Holder (including Lipschitz) continuity for nonparametric reward functions. However, there are many
other types of function in between. Our results in Chapter 2 expand bandit optimization to the general
Holder function space, where functions have higher degrees of smoothness than a Lipschitz function,
but are not infinitely-differentiable like a linear function. In other words, the statistical difficulty
to optimize on this function space lies between Lipschitz and linear function spaces. In such cases
as these, traditional methods developed for linear functions would altogether fail to obtain accept-
able, sublinear regret bounds, while methods developed for Lipschitz functions would be inefficient
in the sense that they are unable to achieve the best possible regret. To address this problem, we
develop algorithms that can fully exploit the broad class of Holder smoothness and achieve minimax
optimality if given the knowledge of the smoothness. We derive bound on the cumulative regret (Sec-
tion 2.2) to demonstrate the optimality of our algorithms. Chapter 2 effectively closes the gap between
the infinitely-differentiable linear functions and the non-differentiable Lipschitz functions and offers a

complete view for the varying structures in between.

In bandit optimization literature, including Chapter 2, algorithms are typically designed under the

standard assumption that is a priori knowledge of the smoothness of the reward function. This as-
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sumption, although crucial for those literature, is not entirely realistic because a practitioner cannot
always know the exact smoothness of the underlying reward function. To investigate this limitation,
Chapter 3 explores a more challenging setting, where the function smoothness is unknown to the algo-
rithm. Specifically, we ask the following question: can algorithms achieve the same cumulative regret
rate as if knowing the smoothness? And if not, what is the best performance they can achieve? To
answer this question, we analyze the statistical difficulty of bandit optimization when key smooth-
ness parameters of the reward functions are unknown. We develop upper and lower cumulative regret
bounds for adaptive algorithms to fully capture this statistical difficulty. Our main focus is on the
reproducing kernel Hilbert space (Section 3.3). We provide results for Sobolev space and Holder space
as well that draw connections between the three function spaces, offering insights on the relationship

between types of smoothness and adaptation difficulty in the bandit framework.

Part II (Chapter 4)

The second part of this thesis investigates an alternative yet unifying way to interpret bandit opti-
mization problems. Delving deeper into the mechanisms of bandit algorithms, it is well-known that
one prominent way to achieve exploration-exploitation trade-off is through the “optimism in the face
of uncertainty” principle. A classical example of algorithms following this principle is upper confi-
dence bound(UCB)-based algorithms [Lai and Robbins, 1985], which maintain an upper (“optimistic”)
confidence bound on the uncertain environment and select actions with the highest optimistic reward
estimate. Because the analyses of such algorithms are usually strictly in line with, and guided by,
the specific reward structure and the estimators used by the algorithm, they are typically developed
in a case-by-case fashion, with a specific model and estimator in mind. In Chapter 4, we present a
unifying analytical framework for M-estimators (empirical risk minimizers) to be integrated in the
bandit setting with UCB-based algorithms. We show that this framework subsumes and ties together
a wide range of problem structures. Inspired by the use of influence functions for deviation analyses of
M-estimators in both asymptotic and non-asymptotic settings, we extend the analyses to regression
setting with non-i.i.d. data, and demonstrate its use for bandit optimization. Coupled with a general
statistical tool for time-uniform martingale concentration, we show that there is a natural and a versa-
tile approach to analyze finite-sample time-uniform confidence sequences for many M -estimators used

in bandit problems, providing a unifying lens for M-estimators in UCB-based bandit algorithms.



Chapter 2

Bridging the Gap between Lipschitz
and Linear: Generalization to Holder

Space

This chapter is based on Liu et al. [2021].

2.1 Introduction

In this and the following chapter, we consider the continuum-armed bandit optimization problem,
which can be seen as a problem of black-box optimization of a continuous reward function f : X - R
using active queries. The reward function is assumed to be bounded and defined on a compact d-
dimensional domain X. At each round, the algorithm chooses an action z; € X by leveraging the
previously collected data and observes a noisy and zeroth order feedback of the function value f(x;).
In the bandit setting, the goal is to minimize the cumulative regret with respect to global maxima.
The bandit framework is different from standard global zeroth order optimization because of its unique
exploration-exploitation dilemma. While in zeroth order optimization problems, pure exploration will
often suffice since the performance is measured by simple regret (i.e. difference between the optimized
function value and true function maxima), in bandit optimization, the queried function values need to
be controlled through the entire optimization process to minimize the cumulative regret. Therefore,

the algorithms require different and often more careful design.

Most existing works on continuum-armed bandit optimization either assume parametric models such
as linear bandits (Dani et al. [2008], Abbasi-Yadkori et al. [2011], Rusmevichientong and Tsitsiklis
[2010]) for the reward function, or a black-box model where the reward function is assumed to be a-
Holder continuous (including Lipschitz) with 0 < o < 1 with respect to some known metric (Kleinberg
[2005], Auer et al. [2007], Kleinberg et al. [2008], Bubeck et al. [2010, 2011], Locatelli and Carpentier
[2018]). The main purpose of this chapter is to extend this assumption to the more general Holder

function space (definition 1) with exponent o > 1 and exploit the higher order of function smoothness.



2.1 INTRODUCTION 3

Approaches based on fitting an appropriate function using random samples in bins of a discretization of
the domain (i.e., exploration) suffice as optimal for controlling cumulative regret for Hélder continuous
reward functions with o < 1, as well as controlling simple regret of Hélder smooth reward functions
with any o > 0. In contrast, controlling cumulative regret for Holder smooth reward functions with
a > 1 requires finer control in bins over the queried values via a local exploration-exploitation tradeoff.
Thus, instead of using a single layer algorithm that randomly samples from selected bins, we propose
a class of algorithms that use two layers of bandit algorithms - one multi-armed bandit algorithm
operating over the bins, and another set of misspecified linear /polynomial bandit algorithms operating
in each bin to govern the local exploration-exploitation tradeoff. We derive regret bounds for this class
of two-layer bandit algorithms and show that they match the existing lower bounds apart from log

factors.

Additionally, we study the problem of adaptation to smoothness exponent « for a continuous scale of
Holder spaces. Unlike the simple regret minimization setting where this adaptation comes at no cost
in terms of the minimax rates, it was shown by Locatelli and Carpentier [2018] that it is generally
impossible to achieve minimax adaptation under cumulative regret. We propose a procedure with regret
bound that matches the existing adaptive lower bound with only access to the range of the unknown

parameter . We start by describing related works, followed by a summary of our contributions.

2.1.1 Related Works

Continuum-Armed Bandit.

In continuum-armed bandit problems, the domain X is allowed to be a measurable space, and the
set of arms is therefore infinite. Previous works in continuum-armed bandit usually assumes global
smoothness (Kleinberg [2005]) of the reward function or local smoothness (e.g. Auer et al. [2007])
around the global maxima. The smoothness condition, in particular, is defined as Lipschitz continuity
with respect to some metrics (Kleinberg [2005], Kleinberg et al. [2008]) or dissimilarity functions
(Kleinberg et al. [2008], Bubeck et al. [2010]), or a-Hélder continuity with 0 < av < 1 (Kleinberg [2005],
Auer et al. [2007]). Worst-case lower bound under the Lipschitz assumption is presented in Kleinberg

et al. [2008] and that under the Holder continuity assumption in Locatelli and Carpentier [2018].

Existing works rarely consider the generalization to Holder space. Recently Hu et al. [2020] studied
contextual bandit with reward functions in Hoélder spaces, however, the reward function is assumed
to be smooth with respect to the observed contexts and the action set is finite. For non-contextual
continuum-armed bandits, Akhavan et al. [2020] focus on the strongly convex subset of functions in
Holder spaces with o > 2 by using projected gradient-like algorithms. Grant and Leslie [2020] analyze
Thompson sampling (TS), a Bayesian method, on Hélder spaces with integer-valued exponents and

derive a suboptimal upper bound based on the complexity of the function space’.

IThey comment that the reason could be either the analysis being suboptimal or the nature of TS. They also derive
lower bounds under one-dimension setting, but as we later remark, the same lower bound has already been implied by

Wang et al. [2018] under a more general setting.
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Adaptivity to Smoothness of the Reward Functions.

An intriguing problem is whether an algorithm that is oblivious to the Holder exponent « can simul-
taneously achieve minimax rates for a range of values for . For non-contextual continuum-armed
bandits, this has been discussed only under the Hélder continuous(aw < 1) setting. In particular,
Locatelli and Carpentier [2018] state that generally, such minimax adaptation to « is impossible by
providing a worst-case lower bound for adaptation between two Holder-continuous function spaces.
Additionally, they propose conditions under which it would become possible. (For the contextual
finite-armed bandit studied in Hu et al. [2020], Gur et al. [2019] provide lower bounds with similar
rates and the extra conditions as well.) However, it remains unclear that, without the extra con-
ditions, whether an algorithm can achieve the lower bound when adapting to a continuous scale of

general Holder spaces.

Model Selection for Bandits.

Another relevant line of work is more broadly model selection in bandit settings, which we will leverage
in bandit optimization of Hoélder-smooth functions as well as adaptation to the smoothness. In this
problem, given a set of base algorithms on possibly different domains, the learner needs to adapt to
the best one in an online fashion. The goal is to achieve cumulative regret comparable to the best base
algorithm if it were run solely. Bubeck et al. [2011] study the model selection problem for adapting
to the unknown Lipschitz constant of functions. Foster et al. [2019] study adapting to the unknown
policy dimension in contextual linear bandits by estimating the gap between two policy classes. Agarwal
et al. [2016] develop a general algorithm named Corral for bandit model selection under adversarial
feedback. It uses online mirror descent to balance between base algorithms. For stochastic feedback
particularly, Pacchiano et al. [2020b] modify the Corral algorithm to relax requirements on base-
algorithms and improve the result on some problem instances (including the one in Foster et al. [2019]).
Another relevant issue addressed in Krishnamurthy et al. [2019] which study contextual continuum-
armed bandits with Lipschitz continuous reward functions, is their use of the original Corral algorithm
applied with EXP4 for adaptation to unknown Lipschitz constant. UCB-type algorithm for corralling
base-algorithms is used in Arora et al. [2020] under the assumption that the base-algorithms are finite-
armed, and only one of them has access to the best arm.

2.1.2 Our Contributions

We study bandit optimization of functions in general Holder spaces. This chapter furthers the previous

works in the following two main aspects:

1. We propose a novel class of two-layer bandit algorithms, where a carefully-chosen Meta-algorithm
deploys misspecified bandit algorithms as arms. Our algorithms show explicitly how to exploit
higher-order smoothness in achieving optimal exploration-exploitation tradeoff. We derive worst-
case regret bound for this algorithm that matches the existing lower bound except for log factors,
for functions in Holder space including when o > 1. Our results bridges the gap between Lipschitz
smooth bandits where the Holder exponent is &« = 1 and infinitely-differentiable problems such

as linear bandits where the Holder exponent is a = oo.
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2. We study adaptation to a sequence of Hdélder spaces indexed by a continuous but unknown
variable of exponent a. We propose a strategy with theoretical guarantee, which uses the bandit
model selection algorithm Corral from Pacchiano et al. [2020b] applied with versions of our
proposed two-layer algorithms. The derived regret bound is to our knowledge the first result on
upper bounds when adapting to a continuous scale of Holder spaces in continuum-armed bandit

optimization.

The rest of this chapter is organized as follows: In section 2 we introduce the problem formulation and
assumptions. We present the two-layer Meta-algorithms and theoretical guarantees in section 3. In
section 4 we study the adaptation to unknown smoothness and conclude the chapter in section 5 with

some open questions.

2.2 Problem Setting

In this chapter, we consider bandit optimization of smooth functions in Holder space > (a, L) with
a > 1. The Holder space is defined formally in definition 1. Some works also study benign problem
instances with additional “growth" conditions than the smoothness to characterize the difficulty of
finding global maxima, for improvements in regret bounds. For example, Auer et al. [2007] use a
parameter to model the growth rate of Lebesgue measure of the near-optimal arms set as a function
of the threshold. The near-optimality dimension in Bubeck et al. [2010] uses packing number but has
similar meaning. We focus solely on worst-case regret to preserve simplicity and leave adaptation to
benign cases as a future direction. The performance of the learner is measured by cumulative pseudo-
regret as stated below where z* € arg max,cy f(z). Throughout this chapter, we simply refer to the

pseudo-regret as regret.

R(T) =) [f(z") = f(a2)): (2.1)

t=1

Definition 1 (Tsybakov [2008]). The Holder space > (a, L) on domain X € R? is defined as the set
of functions f : X — R that are [ = |«] times differentiable and have continuous derivatives®. [ is the
largest integer that is strictly smaller than «. Define the following notions for a vector s = (s1 ... s4):
let |s| = s14---+5q, sl =s1!...5g and z° = 27* ...z}, A function f in ) («, L) satisfies the following
inequality® for Va,y € X. Here D® = ol*!

= 551 554
Ox,'...0x

D*f() - D*f(y) < Lllz — ylo", Vs s.tls| =L
In particular, a function in Y (a, L) is close to its Taylor approximation:

|f(z) = T)(2)| < Lllz — y|%, Yo,y € X.

We use Té to denote the I-degree Taylor polynomial around v, Té(x) = le‘gl MDsf(y).

s!

20nly when referring to the order of Holder smooth functions’ derivatives do we denote || as the largest integer

strictly less than input. In other places inside this chapter, it denotes less or equal to input.
3We use loo norm as in some works on adaptive confidence bands and optimization (Low et al. [1997], Tsybakov

[2008], Hoffmann et al. [2011], Wang et al. [2018]).
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Assumptions

We specify the assumptions that are used throughout this chapter.

G1. The input domain X is a hypercube [0, 1]¢. For simplicity assume the reward function is bounded:
1flloo < 1.

G2. The function f belongs to Hélder space Y (a, L) with some constant L > 0 *.

G3. The observations are noisy: y = f(z) + n where the noise n is drawn from i.i.d zero mean

sub-gaussian distribution with parameter o.

2.3 The Meta-Algorithm

A commonly used method for continuum-armed bandits is fixed discretization, which divides the
continuous input domain into finite number of bins, to transform the problem into finite-armed bandit.
Previous works mostly consider Holder-continuous (« < 1) functions. For example Auer et al. [2007]
study the a-Holder continuous functions with o < 1 for one-dimension domain, followed by Bubeck
et al. [2010] who generalize it to d-dimensional domain and propose the HOO algorithm with adaptive
discretization®. In these works, it suffices to perform random sampling (Auer et al. [2007], Bubeck
et al. [2010]) or midpoint sampling (Kleinberg [2005]) inside each bin. The worst-case regret bound for
Lipschitz space of @(T%) are matched by the general lower bound of Q(Tﬁiﬁv)(Auer et al. [2007],
Bubeck et al. [2010], Locatelli and Carpentier [2018], Bubeck et al. [2011]) apart from log factors.
However, if we apply the same methods of random sampling on fixed discretization (Auer et al. [2007])
on functions with Hélder exponent o > 1, the regret incurred is @(T%) since the Holder space
with exponent o > 1 is a subset of the Lipschitz function space. It prompts us to ask the question
of whether a better rate that matches the dependence on o can be achieved for functions that are
smoother than Lipschitz. An extreme is when « reaches infinity, where the reward model will be
infinitely-differentiable, for example the stochastic linear bandit which enjoys @(T%) regret even on
continuous domain (Dani et al. [2008], Abbasi-Yadkori et al. [2011]).

2.3.1 Algorithm Overview

We keep to fixed discretization of the domain since we consider only the worst-case regret. We divide
X = [0,1]? into n equal-sized hypercubes, leaving n as a parameter of the algorithm. As shown in
definition 1, the function is locally well-approximated by Taylor polynomial which reduces to a linear
model of a feature map of x with dimension d(a). It is equivalent to observing a misspecified linear
model inside each bin, the equivalence formally quantified in Lemma 2. Therefore, local exploration-
exploitation tradeoff can be achieved by a base algorithm with sublinear regret on such misspecified
models, with a Meta-algorithm to balance the budgets between the base algorithms in the bins.

4For simplicity, we assume L is some constant that satisfies assumption G1.
5The adaptive discretization does not change worst-case regret but has improvements on benign problems, as intro-

duced in section 2.
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Lemma 2. Let hypercube Ba be a subset of the input space with volume A. If a function satisfies
assumption G1 ~ 2, there exists a linear parameter 6* € RN and feature map ¢ : x o(x) € R
such that f can be approvimated by the linear function: | f — (0*,¢(z))||le < € = LAT for x € Ba.
When a < 2, d(a) = d; when o > 2, d(a) = O(d") with | (definition 1). Note that the linear parameter
may not be unique.

The proof is in Appendix section 2.6.1. In the following parts of this section we first present the
misspecified bandit algorithm to run inside a bin, and then the Meta-algorithms to control these local

algorithms.

2.3.2 The Misspecified Linear Bandit Algorithm

In this subsection we escape from the big picture briefly in order to present the misspecified linear
bandit algorithm, modified from the ConfidenceBally algorithm in Dani et al. [2008] to serve as “arms”
of the Meta algorithm. The algorithm, as shown in its name, is based on construction of confidence
ellipsoid of the unobserved linear parameter in dimension d. We prove that the proposed modification
can accommodate bias in the function feedback by deriving an upper bound on the cumulative regret®
of O(d\/T + dT¢). Here € is the upper bound on bias value and known by the algorithm. We recently
discovered that a similar result with proof sketch already appeared in recent work of Lattimore and
Szepesvari [2019] (appendix E) who used modification of the algorithm in Abbasi-Yadkori et al. [2011],
and hence enjoys the improvement of a multiplicative factor \/m . For completeness and to provide
necessary intermediate results for Meta-algorithms in later sections, we present our algorithm and full
proof as complementary. It is worth mentioning that without the modification, the original algorithm

incurs suboptimal regret under misspecification.

Assumptions

We make the following assumptions for the misspecified model. Note that they are consistent with the

aforementioned global assumptions.

A1. The feedback model is y = (z,0*) + b(z) + n with |b(z)| < ¢,V € X € R%.

A2. The mean reward E[y] is bounded by [—1,1].
A3. The noise 7 is drawn from zero-mean sub-gaussian with parameter .

The pseudo-code of the modified algorithm is shown in Algorithm 1. The goal is to minimize the

cumulative pseudo-regret of the linear model:

T

T
R(T) =3 ry = Y ((a",07) — (w0, 0%). (22)

t=1

We prove that this regret is O <d ln(T)\/ln(TTQ)T—i— erdan(T)) with probability 1 — 4. This is

formally stated in Theorem 3.

6For clarity this use of @ omits In(T) and § dependence.
"Different from Dani et al. [2008] who assumes bounded noise. This reflects in the difference in S;.
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Algorithm 1 Misspecified linear UCB algorithm (A°*)

Require: Misspecification error €, input domain X and its dimension d, fail probability §, upper

bound on ||z||3: k? = d.
1: Initialize Ay = I; and x; € X randomly.
2: fort=1... do
3:  Execute action z; and observe reward y;
4 Ay = Ay + 2]
50 O = AL (0 yra)
6 Bri1 = 12802d1In(1 + £) In(AEL7)
7
8

Define function UC By () = ((m,étH) + \/ﬂtTHA;_:l/ZxH + eZizl\xTA;_lleD
Compute action x4 = argmax, ¢y UC By ()

9:  Return x;y11 and UCByy1(x441)

10: end for

Theorem 3. If assumptions Al~A3 hold, then with probability 1 — 6, the cumulative regret of Algo-
rithm 1 is upper bounded by:

R(T) < \/8dBrT (1 + T) + 2eTd\/2In(1 + T) + 2¢T. (2.3)

The first term is the standard stochastic linear bandit regret rate same as in Dani et al. [2008]. We
defer the proof to Appendix section 2.6.2. The increment of a multiplicative factor v/d in the second
term compared to that in Lattimore and Szepesvari [2019] is due to difference in assumption on ||z|2.
z||? < d.

Their assumption is ||z]|> < 1 whereas ours is |

2.3.3 The UCB-Meta-Algorithm

We now present the first structure of our Meta-algorithms. We consider the most straightforward
structure: UCB-Meta, the pseudo-code is shown in Algorithm 2 (define |-] as the action of rounding
to nearest integer.) . The confidence estimates of the local linear models are used as the UCB of arms
of the Meta-algorithm with adjustment of €, the bias quantity. For adjusting to different values of
I = |a], we need only to change the space that the linear model is in, specifically the feature mapping
¢ :x— ¢(z) € R as defined in proof of Lemma 2. For example, when a < 2, the sub-algorithms

are misspecified linear bandits whose actions spaces are simply bins B € X.

2.3.3.1 Regret Analysis of Algorithm 2

Theorem 4. Let d(«) be the dimension of polynomial of x, as defined in Lemma 2. If the reward
function satisfies G1~G3 in section 2.2, then with probability 1—0, the cumulative regret (equation 2.1)
of UCB-Meta-Algorithm is upper bounded by’

R(T) <O (d(a) In(T)\/Tn In(T%n/3) + d(a)eTMln(T)) . (2.4)

8The d-dependence of the second term is propagated from Theorem 3
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Algorithm 2 UCB-Meta-algorithm (.A49°%al)

Require: smoothness parameter «, Hélder constant L, dimension of domain d, time horizon T and

fail probability d, action space X.
1: Initialize n = LTH%/IH(T)%W and divide the action space X into same-sized bins B; ., with
volume A = 1/n.
2: for k=1,...,ndo
3:  On bin By, start a version of local misspecified base-algorithm A, using misspecification error
e = Ln7 , input domain X* = {¢(x),2 € X} and its dimension d(a), fail probability §/n.
4:  Initialize counter s = 1 to indicate how many times Ay is queried.
5:  Query Ay once by running steps 3-9 of Algorithm 1 with ¢ = s, and obtain upper confidence
bound UCBj,.
6: Sp<+sp+1
7. Update UCBy, = UCBy, +e.
8: end for
9 forr=1...T do
10:  Select the bin with index k(7) = arg max; UC By,
11:  Execute Aj(;y once by running steps 3-9 (of Algorithm 1) with ¢ = sj;)
12:  Receive updated recommendation ¢, € {¢(x),x € By(r)} and UCByy().
13:  Advance counter for Ay r): Sg(r) < Sg(r) + 1
14: Update UCBk(T) = UCBk(T) + €.
15: end for

The core of the proof is the distribution-independent analysis of UCB, which relies on the honesty of
the confidence bands as well as their lengths. In particular, if the function value f(x) at time ¢ is
contained in an honest confidence band [UC B;(x) — 2l:(z), UC B;(x)], then we can use the length I;(z)
to bound instantaneous regret incurred by the selected action at this step. The confidence ellipsoids
for the piecewise linear parameters ék,t that are constructed by local misspecified linear bandits offer
a convenient confidence estimation of function value, with the additional adjustment factor e, the
approximation error. The full proof is deferred to Appendix section 2.6.3. The algorithm defines each
bin to be a hypercube with volumn A = 1/n, according to Lemma 2 we have ¢ = Ln@ . Therefore,
setting n = O(T e / ln(T)di%) will minimize the upper bound and yield the following cumulative

regret bound. ?
d+a

R(T) < O(d(a)T+2%). (2.5)

2.3.3.2 Anytime Regret Guarantee for Algorithm 2

To achieve the rate in bound 2.5, Algorithm 2 needs to know the time horizon 7" in advance to set n
and e correspondingly. Here we prove that, with the doubling trick (Auer et al. [1995]) , the UCB-
Meta-algorithm can get regret that is of the same rate as in bound 2.5 up to constant factors without

knowing T'. This result is needed in the adaptation problem studied in section 2.4.

Theorem 5. If Algorithm 2 with access to the time horizon T achieves regret of @(T“) with probability
1 —4, then the procedure described in Algorithm 3 can achieve regret rate @(T“) with probability 1 — &
without the knowledge of T.

9§-dependence absorbed in O since they are inside log terms.



12 CHAPTER 2. GENERALIZATION TO HOLDER SPACE

The pseudo-code for Algorithm 3 is in Appendix section 2.7 and the proof of Theorem 5 in Ap-
pendix 2.6.3.4.

2.3.4 The Corral-Meta-Algorithm

Another choice for Meta-algorithm is bandit model selection methods. Here we use the Corral algorithm
defined in Pacchiano et al. [2020b], which will be introduced more formally in section 4. An example
of corralling misspecified linear bandit algorithms without corruption to the regret rate apart from log
factors has already been given in Pacchiano et al. [2020b], but for adaptation to the misspecification
error €. Here we demonstrate that it can also be used to corral misspecified bandit base-algorithms
on different bins in a discretized domain. We derive the following regret bound that is the same as
UCB-Meta-algorithm.

Theorem 6. First perform the smoothing transformation (Algorithm 3 in Pacchiano et al. [20200])
to our misspecified linear bandits in Algorithm 1, denote the smoothed misspecified linear bandits as
Alecal - Then, the Meta-algorithm (Algorithm 5 (Corral-Update) reproduced in Pacchiano et al. [2020b])
applied with a set of Ao that are initialized in the same way as in Algorithm 2 has expected regret
upper bounded by:

d+o

E[R(T)] < O(d()T#72%). (2.6)

The proof of this theorem is in Appendix section 2.6.4.

2.3.5 Discussion

The role of the Meta-algorithm is essentially model selection and adaptation to the base-algorithms.
It is not a trivial task since the rewards incurred by the base-algrotihms are not i.i.d as in standard
stochastic settings. However, UCB as a stochastic multi-armed bandit algorithm, is applicable as Meta-
algorithm because the local parametric (linear) function approximations provide honest upper confi-
dence bounds for each bin even under the misspecifications, thus enabling the distribution-independent
analysis for UCB. The advantage of Corral-Meta is that it potentially allows relaxation of the Holder
smoothness to hold only around the global maxima (Auer et al. [2007], Bubeck et al. [2010]), while
the same relaxation is not straightforward for UCB-Meta. The advantage of UCB is that under stan-
dard stochastic settings where each arm has i.i.d rewards, it achieves the gap-dependent bound of
O(log(T)/A). Thus an interesting question for the future is whether similar gap-dependent bounds for
the UCB-Meta is available. Such bounds would enable exploitation of the growth conditions (section

2) for potential rate improvements.

2.3.6 Comparison with Existing Lower Bound

We compare the derived upper bounds of @(d(a)Tdd:TC;) to the existing lower bound from Wang
et al. [2018], which study global optimization. In their work, the performance of optimization al-
gorithms with output Zr is measured by simple regret L(Zr; f) 2 f@*) = f(zr), for f in Holder
spaces including o > 1. Theorem 2 (coupled with Proposition 3) in Wang et al. [2018] implies that
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SUp res~(o) E[L(275 f)] = Q(T7+2). We argue that this lower bound can be directly used to lower
bound the worst-case cumulative regret, by making the following observation (remark 3 in Bubeck
et al. [2010]): If a strategy achieves expected cumulative regret E[Rr], then by uniformly selecting a
past action as the final output Zr, it can also achieve expected simple regret E[L(Zr; f)] = E[Rr]/T.
Therefore, any strategy with cumulative regret o(TE[L(Zr; f)]) will violate the lower bound. Through
proof by contradiction, we take the result from Wang et al. [2018] as an Q(T%) lower bound on
expected cumulative regret, and argue that our results match this bound up to log factors. Our results
show that proposed algorithms are minimax optimal in dependence of T and effectively exploit the

function smoothness.

2.4 Adaptation to Unknown Smoothness

In this section, we study adaptation to the smoothness exponent « of the reward function. Minimax
adaptation, which means a learner can simultaneously achieve the minimax optimal rates (Hoffmann
et al. [2011], Locatelli and Carpentier [2018]) under a nested set of Hélder spaces, has been proven
to be impossible for cumulative regret minimization without additional assumptions. Locatelli and
Carpentier [2018] provide a lower bound for adaptation between two Hélder continuous functions
spaces. Assume « < v < 1, for any strategy with a good expected regret E[R,(T) in ) (v, L)], they
show that its expected regret in the superset ) (c, L) will depend inversely on E[R,(T")], and therefore
be suboptimal for > («, L). They propose a strategy to match that lower bound that requires values
of a and =, thereby also proving that the lower bound is tight.

However, when adapting to a continuous scale of Holder spaces (possibly a > 1), it remains unclear
what strategy can generalize and achieve this lower bound for some Holder spaces. We aim to answer
that question by proposing a new strategy that uses a recently developed bandit model selection algo-
rithm (Corral with smooth wrapper in Pacchiano et al. [2020b]) applied with a set of Meta-algorithms
(section 2.3). We will present this strategy and its theoretical guarantees next. Throughout the follow-

ing sections, we refer to minimax optimal in dependence of T as minimax unless otherwise specified.

2.4.1 Corral Applied with Meta-Algorithms

The bandit model selection method Corral is first developed by Agarwal et al. [2016] and based on
an instance of online mirror descent with mirror map derived from Foster et al. [2016]. Corral with
smooth wrapper proposed by Pacchiano et al. [2020b] for stochastic feedback problems is different
from the original Corral algorithm in the following aspects. The smoothed version no longer needs to
send importance-weighted feedback to base-algorithm, therefore no longer requires the base-algorithms
themselves to be modified for stability guarantee (definition 3 in Agarwal et al. [2016]). In the following
parts, we will use Corral with smooth wrapper to adapt to the smoothness and refer to it as Corral
for simplicity'®. We use a set of M Meta-algorithms A9°°%(q;),i € [M] in Algorithm 2 as bases.
The input values «; are from a grid G defined later. Therefore, we first specify the regret of a Meta-
algorithm with input smoothness parameter o’ that is ran on functions with actual Holder smoothness

Q.

10Since the core of oneline mirror descent in Corral is not changed.
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Lemma 7. For function f that satisfies global assumptions G1 ~ G3 with parameter «, the regret of

Algorithm 2 with input parameter o < a is bounded with probability 1 — & by

d+a/

R(T) < O(d(o/ )T #%2a7). (2.7)

The bound does not hold for o > a.

The proof is deferred to Appendix section 2.6.5. Having established the performance of base algorithms
with misspecified smoothness exponents, we present the adaptation strategy and its regret bound
in Theorem 8. Since it is impossible to achieve minimax optimal rates for multiple values of the
smoothness parameter simultaneously, we introduce a user-sepecified parameter R that controls the
Holder space over which minimax optimality is desired. We show that conditioned on achieving
minimax rate for the space > (R, L), our adaptation strategy provides best possible regret bound on
all supersets > («, L) where o < R. The results are stated in Theorem 8.

Theorem 8. Consider adapting to a continuous scale of mested Hdolder spaces indexed by o whose
value is bounded in a given interval, for simplicity we assume 0 < a < 2, where d(a) = d. Define
R < 2 as a parameter set by the decision-maker that specifies the index of Hélder space for which
minimaz optimal regret is achieved. Define linear grid G = {a; = mi,i =0,1...[log(T)]|} so
that the total number of base algorithms is M = |G| = [log(T)]. Consider using Corral with bases that
are Meta-algorithms (algorithm 3 in Appendiz section 2.7) with input o; € G,i € [M]. Then by setting
the learning rate of Corral to be n = dileﬁ%, the regret rates achieved for any Holder exponent
a € (0,2] are:

sup E[R(T)] < @(dTﬁdﬁzlg?;f:)) for a € (0, R], (2.8)
fedila,L)

sup E[R(T)] < @(dT%) for a € [R,2]. (2.9)
fedila,L)

A straightforward example is shown in Figure 2.1. There are two sources of cost of adaptation, first the
cost of adapting to M grid points. Since M = O(log(T")), this has the same difficulty as the adaptation
to two values in Locatelli and Carpentier [2018]. The second one, however, is a consequence of adapting
to a continuous scale of a. The cost is the rate difference between the exponent o and the closest value
to it on G, denoted & € G, st. a < a < a+ m. This cost can be alleviated by the design of the
linear grid. We defer the full proof to Appendix section 2.6.6.

2.4.2 Comparison with Existing Lower Bound for Adaptation

In this subsection, we compare the results in Theorem 8 to the existing lower bound in Locatelli
and Carpentier [2018]. Theorem 3 of Locatelli and Carpentier [2018] state that given two smooth-
ness values a1 < as < 1, if a strategy has expected regret E[R,,(T")] under exponent ao that is
@(T%), then the regret of this strategy under the superset characterized by « is lower bounded by
SUP fes(as,1) E[R(T)] > Q(TR,, (T)ﬁ), even if the strategy has access to both a; and «s.

We make the following remark: for any pair of exponent values (a1, ag) where a; < Rand R < ap < 2,
the strategy proposed in Theorem 8 matches the lower bound except for log factors. We verify this by
plugging in E[R,, (T)] = O(T iT2R ), omitting dependence on d, to yield the lower bound on » («y, L)
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a=1
d?+2Rd+R
E[R(T)] < §(dT(d+2R)(d+1))

a <R:
_  d’+2Rd+Ra
E[R(T)] < O(dT@+2R)(@+a))

pEY)

a = R: Minimax
~ d+R
E[R(T)] < 0(dTd+zR)

a > R: Same with Y(R)
E[R(T)] < G(dT+7R)

Figure 2.1: Illustration of adaptation to smoothness for continuous scale of Holder spaces.

a; <R:
Y (ag) B d%+2Rd+Ra,
]E[R(T)] < g(dT(d+2Rj(d+a1j)
A

Matches
lower bound

a, = R:

E[R(T)] < 6(dr%)

Figure 2.2: Illustration of values of exponents o, s on which our proposed strategy matches the lower
bound in Locatelli and Carpentier [2018].

- d?4+2Rd+Ra
which is O(T @rem(@rar) ). This is matched by our upper bound in equation (2.8), apart from log factors

and d. An illustration is shown in Figure 2.2. In other words, the proposed algorithm can perform
under unknown smoothness exponent and match the lower bound (available only for exponent values
within (0, 1]) on a subset of Hélder spaces.

2.5 Discussion

The core of this paper is extending the assumption on function space from Lipschitz to Holder spaces
with higher-order smoothness in bandit optimization of black-box functions. We also study adaptation
to the smoothness under this scope. The class of two-layer algorithms that we proposed consists of a
Meta-algorithm with the choice of UCB (Auer et al. [2002]) or Corral (Agarwal et al. [2016], Pacchiano
et al. [2020b]) and a set of misspecified bandit base-algorithms as arms. We derive regret upper bounds
for a-Holder smooth functions with o > 1 that matches existing lower bounds in their dependence
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on T, the number of active queries, with straightforward generalization to larger . Our framework
provides useful insights in exploiting higher-order smoothness of reward functions for cumulative regret
minimization, because our two-layer structure allows base-algorithms to perform local exploration-
exploitation tradeoff as opposed to the local pure exploration done for bandit optimization of a-Holder
continuous functions. For adaptation to the smoothness exponent, we further previous works by
deriving regret upper bound for adaptation to a continuous scale of Holder spaces with exponent « in
a given range. We show that by using bandit model selection algorithms, it can achieve the existing

lower bound between two Holder spaces, even if the algorithm does not know both exponent values.

Our work inspires several directions for the future. An intriguing direction is to study whether there
exist gap-dependent bounds for the UCB-Meta algorithm, whose arms have non i.i.d rewards because
they are bandit algorithms themselves. Such bounds could enable better rates for benign problem
instances, for example with the growth conditions (mentioned in section 2). Another direction is the
relaxation of the Holder smooth assumption, to hold only around the maxima instead of everywhere
on X, which is considered by prior works such as Auer et al. [2007], Kleinberg et al. [2008], Bubeck
et al. [2010]. Finally, it remains an open problem to establish the lower bound for adaptation when

the smoothness exponents are larger than 1.

2.6 Proofs of Results

2.6.1 Proof of Lemma 2

Proof. Recall the definition of Hélder smoothness: |f(z) — T}(x)| < L|lz — y||%. For a hypercube
B, [z =yl < Ad,Vz,y € B. By definition, when the function smoothness exponent o € (1,2],
I = 1. Notice that the Taylor polynomial of degree I = 1 around y is a linear '' function of a:
Ty (@) = f(y) + S5 @)1 — ) + FL ) (w2 — y2) + .. FE W) (@ — ya) = (6. 2). When a > 2, the
Taylor polynomial can still be written as a linear function but of higher-dimensional feature map of
z: ¢ :[0,1]¢ — [0,1]%®) which contains exponentiations of elements in z, using the operations defined
for definition 1, ¢(z) = {x*,Vs, s.t.|s| <1}. So:
j+d—1
do) =1 <ni= 3 (7517 - o) (2.10)

1<5<1

When [ = 1, it is equivalent to defining ¢(z) = x. The parameter 6 is determined by the derivatives
of f at y and the value of y. Therefore, we know locally there exists an unknown linear parameter
in dimension 0* = argminy||f — ¢(2)70||o0,r € B, such that ||f — (0*,¢(2))||ec < € = LAT, Yz € B.
Also, note that [|¢(z)||2 < d(e)® according to definition. When the exponent a € (0,1], I is 0 and the
Taylor polynomial is simply a constant. Therefore the same argument holds for 8* for example when

0%,...,0%5 =0 (a constant function). O

11We slightly abuse the notation and define short-hand notation (#, z) := 6y + ng) 0;x;.
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2.6.2 Proof of Theorem 3

Proof. Throughout this proof, we assume that the assumptions Al~3 hold. This proof is modified
from that in Dani et al. [2008]. Some techniques are from Abbasi-Yadkori et al. [2011]. We only present

the parts which we change. First we proof the following bound on simple regret at each step:

t—1
re < 2/Bell AT 2] + 26 3 ||2T A Vs | (2.11)
=1

And then we will bound the sum of these two terms separately. In order to proof inequality 2.11, we

start from an important auxiliary theorem of confidence bound on 6*, Theorem 9.

Theorem 9. Let 8; = Co?dIn(1+tx?/d) In( 2t2) (: O(d1n(t) ln(%))) for a sufficiently large constant
C, then with probability 1 — 6§, 0* is contained in the confidence set:

t—1
Cr = {0+ VBAT P20 — AT b))
s=1
and as a result,

t—1
(@,0%) < {2,00) + /Bl AT P + € JaT AT ).

The proof of Theorem 9 is in Appendix 2.6.2.1. Now, if 8* € ét, we have
re = (x*,0) — (x,0%)
S <.’L'*, 9*> — UCBt(x*) + UCBt(il't) — <3§'t, 9*>
S UCBt((Et) — <£L’t,9*>

t—1
< 2V/Bil| AT Pl + 26D JaT A .
s=1

The first inequality is because our algorithm will only choose x; when UCB(x;) > UCB;(z*). The

last inequality holds because

(2,0%) > (x,0,) + min /B (x, A7 Zb 2T A7 e

zq€BY
(x,0,) — /Bel| Ay 1/2.'L‘|| be Az,
> UCB,(z) — 22/Bi|| Ay 1/2x\|_262|xTA ).

By assumption on the mean reward function value, the absolute value of instant pseudo-regret |r;| is
bounded by 1 + e. Therefore, combining inequality (2.11) and r; < 2 + 2¢, we have that'?

re < (2420 A <2f ||A‘”2xt||+2eZHxTA xTn)

=1 (2.12)
2 (1A VBIAT P} +2€ DIl AT r | 42¢.
=1
#1 P

126 A b = min(a, b)
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Sum of term #1 is bounded using bound (2.28) and Cauchy Schwartz inequality:

T T

23 (AAVBIAT ) <2, | T8 > (AN o A7 we|)) = v/8dBrTIn(1+ Tk2/d).  (2.13)
t=1 t=1

For sum of term #2, we first have

— 1
T g1 TA-1. T g-1
g xy Ay T < |t g i Ay xral A Tay

= \ tzl A ZxT A Ty

IN

tx?A ZxT VA, xt—i—xA A Loy

t—1

T=1

Then the sum ZtT:l(ET Lzl A '2,) can be bounded by:

T t—1 T
DO al A ) <Y (el A )
t=1 =1 t=1
T T
<\ Qo af A )
t=1 t=1

Now, we need to bound Zthl xl A7 2, with inequality (2.28). We know that A,
Therefore, denote its eigenvalues and eigenvectors as A1 ...Aq, v1 ...vq. Then'?

x?A;lxt =(cqv1 +---+ cdvd)T At_1 (c1v1 + -+ + cqvq)

= cl)q + -4 cfl)\d

HQ

1 2
)thH2 - Amin(At)

2
K 2

< < K”.
- )\min(ld) + )\min(XtTXt) -
The second last inequality holds due to Weyl’s inequality. Therefore,

thA xt<m22 A xt/\l

< k?(2dIn(1 + Tw?/d)).

< )\max (A;

Putting the above together,

T t—1 T T
Z <262xtTAt_1xT> < 2 (Z t)(z al A ay)
t=1 =1

t=1 T=1

< 2eTky/2dIn(1 + Tk2/d).

Finally, plugging in 2 = d gives the final results.

= tx?A;l(Z Z‘-,—J?Zj + Id)At_lxt = \/tfo;1$t.

s a full-rank matrix.

(2.14)

13This proof is extracted from a remark in proof of Theorem 3 in Abbasi-Yadkori et al. [2011]
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2.6.2.1 Proof of Theorem 9

Proof. Let 0, = A7 1XtT y denote the regularized least square estimator at time ¢. Matrix X; has
dimension (¢ — 1) x d, where each row is a past action (until time ). We first define an unobserved

variable 6;:

0, = A7 XT (X0 + 1) = 0, — A7 X[ by, (2.15)

here we abuse the notations and let 1, and b; be the (¢ — 1) x 1 vector containing noise and bias of

each time. Then we define the following confidence ellipsoid centered at 6;:
Cy=10:(0—0,)TA,(60—-6,) < B}, (2.16)
and prove the following lemma as an analog to Theorem 5 of Dani et al. [2008]:

Lemma 10. The true linear parameter 6* is contained in ellipsoid Cy, specifically, P(Vt,6* € Ci) >
1-96.

The proof is in Appendix section 2.6.2.2. However, we do not observe the vector b;, so we cannot
calculate C; in our algorithm. So instead, we define a larger C; that contains C;, which will naturally

contains #* with high probability. To construct C;, we first re-write C; as
Cy = {0, + VB A, 224, | 2a)l2 < 11, (2.17)
then plug in equation (2.15) to yield:

Oy + /BeA; 2 = 0, + /BiAT e — AT X T,

_ 1/ =t (2.18)
= 0+ VBA P2 AT (Y ba).
s=1
Therefore, we know that with high probability,
. R t—1
0 € Cy = {0, + /B A, P 2a — ATY D baw)}. (2.19)
s=1
Therefore, we have a computable confidence bound for z:
UCBy(z) = max(z, §)
0eC,
t—1
= (z,0:) + max Bt<$,A;1/22d> — stxTAt_lxs
ZdeBg s=1
(2.20)

t—1
< (2, 00) + VBl A Pal =Y beaT A e,
s=1

t—1
< (2, 00) + VBl APl + €3 2T AT ey

s=1

The first inequality is derived by Cauchy Schwartz inequality and the fact that z; is in unit ball. O
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2.6.2.2 Proof of Lemma 10

Proof. Lemma 10 is a parallel to Theorem 5 in Dani et al. [2008], with the difference of sub-gaussian
noise, ellipsoid centre 6, and misspecification in observation. The key idea is the same, namely to use
induction to bound the growth of Z; = (6* — ét)TAt(H* — ét) and proof that Z; < 3, i.e. the 6* is
contained in C%, at each time step t. The following analysis used the same notations and definitions as
section 5.2 in Dani et al. [2008] unless otherwise specified. Under Lemma 10’s definition of confidence
set Cy, we have that:

Hy = Ay(6; — 0%) = X'n — 67, (2.21)
= (0" —0,)TA(0* —0,) = H A, H,. (2.22)

Equation 2.21 holds because of this key property:
ét : Atét = XtTXtH* + XtTT]t (223)

And the rest of the proof in Dani et al. [2008] should go through by substituting Y; with H; (defined
above) and /i with our definition of § (centre of the confidence ellipsoid). Except, to accommodate the
sub-gaussian noise assumption that replaces their bounded noise assumption, we have to make two
changes in the proof. Both are in analyzing the growth of Z; in the induction. Recall that Dani et al.
[2008] proved this relation:

t—1 t—1

2T (0, — 0*
Zo<z 42y gl ) 5
T=1 t T=1

(2.24)

2
14w 1+ w2’

We first look at the concentration of the sum of martingale difference sequence that makes up Z;:
T (pn *
same with Dani et al. [2008], define M; = QWtM where w; 2 \/fo;Ixt. According to

lert2
our assumption, the noise sequence is a sub-gaussian martingale difference sequence with parame-
ter o2. Therefore, M; is a sub-gaussian martingale difference sequence. Specifically, we know that

T *
the square of subgaussian parameter is 402(%7;29”)2. By definitions we know that M; | H; is
t

(v = 402(%7;;*)‘)2,% = 0) sub-exponential(definition 2.7 in Wainwright [2019]) and therefore
the sum 23:1 M, is also sub-exponential, with parameters (/ Zi 1V2,a = max, a, = 0)(Theorem
2.19 (1) in Wainwright [2019]). The following inequality is conditioned on the fact that from time

7 =1...t, 0* is contained in C, (by the induction).
t t T(n *
2 _ 4.2 |27 (0 — 67)] 5
Z:yt_z;o Z( e )
< 4o 22 vﬂrwr

1—|—w2

< 402 Z Br(min(1/2,w,))?
T=1
t
< 40? Z B, min(1/4,w?)
=1

t
< 40%p; Z min(1, w?)

=1
< 40°B; (2d1In(1 + tk*/d)) See bound 2.28
= 80%dB; In(1 + tr?/d).
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The proof for the first three inequalities is the same as Lemma 7 and section 5.2.1 in Dani et al.
[2008]. Then we apply a Bernstein-type concentration bound for sub-exponential martingale difference
sequence (Theorem 2.19 (2) in Wainwright [2019]). Plugging in the values of a and Z _, V2, we have
that

t—1 2
—S
M| >s) <2exp(—————
P2 ez ) < 2ol
— 52
<2
S 2 G (i T (= n2/d)) (2.25)

_ Bt

~ exp ( —B >
6402dIn(1 + (t — 1)k2/d)

S

5
< 22 (Needed for union bound over all times).

Therefore, as long as 3; is larger or equal to 6402dIn(1 + (¢t — 1)x2/d) ln(%), Zt;:ll M, < % with

probability larger or equal to 1 — 2t2

2
The second change is for the third quantity that makes up Z;: Zt;:ll n? 11123 We need to bound
max,<¢—1 72 with high probability. By algebra calculations, we know that n? is sub-exponential with

parameters (v = 320%, a = 402)'*. We can apply union bound with the tail bound of sub-exponential

variables:
t—1
- >2) < 2 _E[n?]) >
P( max (7 —E[]) > 2) < ;P((m E[n*)) > z)
<(t-1) eXp(—Qi) (Proposition 2.9 in Wainwright [2019])
a
0
< BYe] (Needed for union bound over all times).

Set z = 802 ln(¥) so that P(max,<,—1 72 — En?] < 2) = P(max,<—172 < z+E[p?]) > 1 - 5.
By the fact that E[n] = 0, E[n 2] = Var(n) < o2, which is a property of subgaussian varlables. So
P(max,<;— 112 <z+0%) >1— W The following holds with probability larger than 1 —

2
2 Wr
<( max, UT)len(l +tk?/d)
= (802 ln( 5 )+a )2dIn(1 + (t — 1)k?/d)
0 263 1 9
=80 (ln(T) + §)2dln(1 +(t—1))k"/d)
9 9 20 1
= 160°dIn(1 + (t — 1)k~/d) 1n(7) +t3)-

Except the two changes above, one last thing to note is the quantity Z; analyzed at the end of proof

MFor this part, we used the proof from Example 2.8 in Wainwright [2019] and http://proceedings.mlr.press/v33/
honoriol4-supp.pdf
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of Lemma 12 in Dani et al. [2008]. In our assumption of the reward function value, we conclude that

Zy = (0" = 0)"1(0" - 0) = [|"]3
d

(eX60*)? (e; is base vector of dimension i, note that e; € X)

As a result, if it is satisfied that Z; < Z; + (3;/2 + 160%dIn(1 + (t — 1)52/d)(ln(¥) + %) < B¢, which
enables the induction in Lemma 14 in Dani et al. [2008], then the rest of the proof should go through
smoothly. We argue that setting 8; = Co?dIn(t) ln(%) for a large enough constant C' suffices. This

is under the reasonable assumption that e is O(1) and o is a constant'®.

It is worth mentioning!'® that Dani et al. [2008] requires the relationship between ¢ and § to be
approximately 0 < 1.050 < 2, hence their requirement!” of “for sufficiently large T" in Theorem
1 and 2. This is because of the last step of their induction proof for Theorem 5 requires: Z; <
d+ B2/2 + 2dIn(t) < B;. In our setting, the requirement in induction translates to this (second)
constraint(plugging in k2 = d): B; > 2d(1 +€)? + 3202d1n(t)(1n(% + 1))- Recall the first constraint
on B; is B; > 640%dIn(t) ln(%), from bound (2.25). Therefore, C' should first satisfy C' > 64 and for

the second constraint we need!®: C' > 4(?1(1%;)3)2202 + 215’(2) +48. Therefore, the lower bound of C' should

depend on values of € and ¢2. The choice of C' = 128 in the main theorem is an example that requires

approximately % <7 O

2.6.3 Proof of Theorem 4

Let us treat the number of bins/local algorithms n as the input parameter to the algorithm. The
regret bound of UCB-Meta (equation 2.4) should be independent of the input dimension d, given the
dimension of the linear model d(«). Therefore, throughout this proof we will abuse the notations and

let d denote the linear model dimension for simplicity.

Proof. First, we define the “good event" E,,0q4 as an event where all confidence bound holds for all
bins at all times. For a fixed bin, if P(#* ¢ C;,3t) < d/n, as set in the algorithm, where C; =
{6, + \/EA;1/2zd - A{l(zi;ll bsxs)} (Theorem 9), then by union bound, P(6; ¢ Cy +, k) < &, where
ék,t is the confidence ellipsoid of bin k at time ¢. The good event is Egp0q = {Vt,Vk € [n], 0} € C’k,t}-
It happens with probability P(Egs0q) > 1 — J, and the following proof will condition on it.

Here are some useful notations that make the proof easier to read: let N*(¢) denote the number of
times base-algorithm A°°® has been selected by(including) time ¢; let k(t) denote the bin selected
at time t; let x; denote the action selected at time t; let {f.}, {Ax.} and {fx.} denote the set of
parameters kept by that base-algorithm A%’C‘”.

15Recall that according to Lemma 2, € is bounded by the Lipschitz constant L and is therefore O(1)

16This remark is made by Abbasi-Yadkori et al. [2011].

"However, we believe that this should not translate to a constraint on ¢, but on ¢ instead. Because Z; < B; is
required for every step t to complete the induction, so if it only holds for large ¢ then the induction will fail as well.

18This is from the second constraint: Co?dIn(t) ln(%) > %Cazdln(t) ln(¥) > 2d(1+¢)? +320’2dln(t)(1n(¥ + %))
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The upper confidence bound on value of the local linear function achieved by sub-algorithms at round

~ —_ k —_ p—
t is defined as UC By y),¢(7) = (z, 05, nr (1)) + \/ﬁk?Nk(t)HAk’l]\{f(t)xH + GZivzl(t) ! |xTAN£(t)xT| for any
action x € Bj. Using the proof of Theorem 3, the good event hence indicates that for the base-
algorithm selected at time ¢ and any action x € By ):

NF(@#)—1
UCBy) () —2 5k7Nk(t)HAl;%f(t)xH — 2¢ Z |xTA;,£(t):cT| <A, 0;) S UCBy@) ().

T=1

By Lemma 2, the expected local function value f(z) is bounded by

N*(t)-1
UCBy),1(w) — 2 6k,Nk(t)‘|A1;%3(t)m‘| —2c Y [aTAG @] — € < f(z) SUCBy (@) + €.
T=1

A common way to bound pseudo regret for stochastic bandit is via Wald’s equality: Ry = > ;_; AgE[r,(T)]
where 71 (T) is the number of times arm k gets pulled until time T, and Ay is the reward gap. We
cannot trivially follow this, because the rewards of each bins are no longer i.i.d. Instead, we use this

gap-independent decomposition for each bin k:

Re= > (f* = faen,(21))

t:bin;=k
= Z (f* - UCBAk<t),t + UCBAk(t),t - f(xt))
t:bin; =k
= Z (f>k — UCB.A;C(Q,t + UCBk(t),t(xt) +€— f(xt))
t:bin;=k
< Y (UCBigya(ae) + € — f(a)) (2.26)
t:bin; =k
N*(t)—1
< 3| 2/Bvol A el H2e Y T AL e+ 26
t:biny=k =1
Nk(T) s—1
= Z (2\/,Bk7s||A;;/2:1:t|| + 2¢ Z leT AT e, |+ 26) .
s=1 T=1

The first inequality holds because of the algorithm’s bin selection rule: if bin By is chosen then
J* SUCBy«t < UCByy. By the bounded function value assumption, f* — fz, e, (2:) < 2, therefore:

Nk(T) s—1
Ry < z (2\/Bk,sA];i/2It|| + 262 leF A7 2| + 26> A2
s=1 T=1

NF(T) - (2.27)
< 2 (s/,B;w |A,;;/2mt|| A 1) —|—2€Z leT A7 2, | | + 2eN™(T).
s=1 T=1
#1

#2
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2.6.3.1 High probability regret bound part I (term #1)

First we establish this bound the same way as Dani et al. [2008]. Namely, for any local misspecified

linear bandit algorithm that is ran 7" times with data (¢, y¢)e=1..7,

T T
Sllaf A e A1 < 2in([ [+ 2] A ay))
t=1 t=1
T
det(At+1)
=2m(]] =Y
<t=1 det(A,) (2.28)
_ 21n(%) < 2In((1+ Tr2/d)%)

=2dIn(1 + Tx?/d),
where we used Lemma 11. Now we can bound term #1 using bound (2.28).
N™(T)

2(v/Br.s | 45y 2 A 1)

Nk(T)
<A|NE) Y 4Bk ol Ay sl A D)

s=1

s=1

IN

Nk(T)
4B, vy N*(T) Z lof Ax szl A1
s=1

N*(T)
= 4B ey N¥(2ln | ] (0 +27 A taes)
s=1

det(Anw
_ \/4Bk’Nk(T)N’f(T)21n (W)
= /8B () NE(T) In (1 4+ NE(T)2/d)

52501

=" \[8dBi niry NH(T) In (1 + N(T)).

Lemma 11. Fort > 1, 1 +zl A; ', = det(A;4 1)/ det(A;). Also, det(A;) < (1 + (t — 1)x?/d).

Proof of Lemma 11.

det(At+1) = det(At(Id + At_l.’,EtItT)) = det(At) det([d + A;lztI?)
= det(Ay) det(I, + af A7 ay) = det(A) (1 + af A7 ay).
The third equation uses Sylvester’s determinant theorem: det(l,,+AmxnBrnxm) = det(L+BnxmAmxn)-

The trace of a matrix is the product of its eigenvalues and the determinant is the sum of eigenvalues,

and for the trace of the positive definite matrix A; we have,

t—1

t—1
tr(A) = tr(I+ Y wral) =d+ > |a- |3 <d+ (t— 1)

Therefore, using the inequality of arithmetic and geometric mean, det(4;) < (1 + (t — )x?/d)?. O
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Summing over all the suboptimal bins, we have that

n—1 Nk(T) n
S 2Bl Ay Y 2w s A1) € 37 /8B oy N5 (T) In (1 + NE(T))
k=1 s=1 k=1
< D ONE(T)D D 8dBy, k() In (1 + NR(T))
\ k=1 k=1 (2.29)
=T Z 8By, nk(ryIn (1 + N*(T))
k=1
NF(TY<T

<~ /8dTnBrin(1+T7).

2.6.3.2 High probability regret bound part II (term #2)

Here we directly call previous result in bound (2.14), but replace the total number of step with N*(T),
the number of pulls for one fixed bin k. We have for term #2,

N¥(T)  s—1
26> |af Ay sxk .| < 2eN*(T)dy/2In(1 + N¥(T)).
s=1 T=1

Summing over all suboptimal bins, we have that

i 2eN*(T)d\/21In(1 + N*(T))
k=1

N™(T)<T - 2.
< 2edy/2In(147) )  N¥(T) (2:30)
k=1
= 2edT+/2In(1 + 7).

2.6.3.3 Putting it together

Combining the decomposition in equation (2.27) and the results in subsections 2.6.3.1 and 2.6.3.2, we
have a high probability regret bound for the UCB-Meta-algorithm:

Rr =Y Ry
k=1

2.31
< /8dTnfrIn (14 T) + 2edT\/2In(1 + T) + 26T (2:31)
= O0(dIn(T)/TnIn(T?n/d) + edT\/In(T) + €T).
The last step plugs in B = O(dIn(T) In(T?n/6)).
O

2.6.3.4 Proof of Theorem 5

Proof. Algorithm 3 executes Algorithm 2 for a sequence of pre-defined time periods, {T; = 2¢,i =
0,1,...N}. At the beginning of each period, the update history is cleared and the number of arms n is
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reset with respect to the current horizon T;. However, since we would like to acquire a high-probability
regret bound after applying the doubling trick, we need to set the fail probability of Meta-algorithms
during period i to §; = 6§/7%i%. Using a union bound, we can conclude the following (R;(7;) denotes
the regret incurred in time period i of length 7; only).

P(Vi, the bound hold for R;(T}))
=1- Z P(the bound does not hold forR;(7;))

In the last step we use the fact that the sum of sequence Zfo %2 converges to %2.

Now, the total regret is simply a summation over i. The following holds with probability 1 — ¢,

N ~ _ N )
< Z OWdT*) =0 (dz 2W> (2.32)
<0 (an(N—l))

= O(dT™).

?

At step 4, the number of time periods N is the smallest integer such that Zf\;o 20 >T,s0 N =
14 [logy(T)]. The sum of geometric sequence is 2¢11082(T)1 = (losa(T)+e)a — Tagea for some constant
c¢ smaller than 1. Also, note that step 2 holds even though the fail probability is changed to §; = 63 /72i
is because as specified in Theorem 4, the term § appears in a log term and the maximum value of 1/
is 1/0x = 72 logy(T) /65, therefore the extra factor caused by smaller § to the regret is still a log term
of T; and omitted in the proof here.

Bound (2.32) suffices to say that meta-algorithm with doubling trick has the same regret rate as meta-

algorithm with known horizon, with some additional constant factors suffered from restarting. O

2.6.4 Proof of Theorem 6

Proof. Here we prove that Corral with smooth-wrapper is applicable to this task and achieves minimax
expected regret rate apart from log factors. We directly use the proof of Theorem 5.3 in Pacchiano
et al. [2020b] and their notations. § is the fail probability, M is the number of base-algorithms, p is
the reciprocal of the smallest possibility for base-algorithms over the T rounds and 7 is the learning
rate. U(T,0) is the high probability bound of the selected base-algorithm. The regret of Corral with

smooth wrapper is bounded by:

R(T) < O(MI:]I(T) +T) + 6T + 8y MT log(M;M) - E[4Onﬁ1(T) 20U (T/p,8)log(T)], (2.33)

and we know from Theorem 3 in our paper that the base algorithm (Algorithm 1) that locates in the
global maximum’s bin has anytime high probability regret bound U(T, ) = O(eT'd(a) + ¢(8)d(a)V/T),
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note that this is because the dimension of the local linear parameter is d(«). Therefore,

R(T)

~ M B o —9odldla ed(a)T
O(VMT + 7 +Tn) + 0T E[740nln(T) 2p0(d( )\/T/p+7p ) 250

O(/MT + % +To) + 0T + O(eTd(a)) + E[O(d(a)y/Tp — %)].

Firstly, we set 6 = 1/T so that 67 = O(1). Then we maximize this formulation over p by setting
p= @(UZd(a)2T), yielding the following bound on expected regret.

O(VMT + % + T+ eTd(a) 4+ nd(a)>T)
(2.35)

=n

QR

e=n_

O(nT + % +n”FTd(a) + nd(0)°T).

We minimize this by setting the derivative w.r.t n and 7 to zero, i.e. n = ﬁ\/? and n = O(T CEa ).
As a result the rate comes to O(d(a)T 13 ). O

2.6.5 Proof of Lemma 7

Proof. According to Theorem 4, the algorithm sets n = Tﬁ/ln(T)ﬁ and e = n~¢ . Note that
we can only use the result in Theorem 4 if the high probability upper confidence bound defined in
line 4 of sub-procedure Algorithm 2 holds honestly. If the input parameter o’ is larger than «, then
the calculated misspecification error € is smaller than the true ¢* = @(T ﬁ), causing the confidence
bound to be invalid. Therefore, the regret bound does not hold for when o/ > «. If the input parameter
is smaller than «, then we can simply use the fact that functions that are a-Hdélder smooth are also

o/-Holder smooth: H(«, L) C H(o/, L). Therefore, the regret of the algorithm with input parameter
o’ < a is bounded by R(T) < @(d(o/)(\/Tn +€T)) = @(d(a’)Tddfzi’ ). O

2.6.6 Proof of Theorem 8

Proof. There exists an @ € G, s.t. a <a < a+ %, for any true « in (0, R]. There are two sources
that made up the cost of adaptation when using Corral. The first one is the cost of searching over a
grid for the unknown point &. The second one is the cost of approximation, specifically the difference

between the rates achieved for & and the true a. We will first derive the cost of grid search.

As specified in the proof of Theorem 5.3 in Pacchiano et al. [2020b], the following bound of regret
of the Corral algorithm holds with respect to any of its base-algorithm with high probability regret
bound U(T,§). The notations were introduced in Appendix section 2.6.4.

R(T) < (9(]\412(11) +Tn) — E[WPH(T) —2pU(T/p,d)log(T)] + 6T + SW. (2.36)

Plugging the regret rate of base-algorithm in Lemma 7, the expected pseudo-regret of Corral with
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smooth wrapper is therefore bounded by:

R(T) déa @(% +Tn+VMT)+ 6T — E[W;(T) — 2p(@(d(€)d+2@ ) log(T)]
e c’)<— + T+ V) ~BIO(" ~ pi( p)fﬁ‘? ) (2.37)
:@ﬁ%+7w+¢‘*) [( — AT p7E ).

Similarly, we first maximize over p by setting the derivative w.r.t p to zero by setting p = @( T T T).

Then the above rate comes to

- M a &
R(T) < O(- -+ T+ VMT + d@5s Tyata), (2.38)

However, since 7 is a parameter of the Corral algorithm which does not know & or a, we will rely on
the parameter R specified by the user. Let us set n with repsect to « = R, i.e. n = @(d_lT_ ddi;}%),
and plug in the number of grid points (base-algorithms) M = [log(T)].

- M & &

O(--+ T+ VMT + 48 Tpata)

= O(de+2R +d- 1Td+2R + dTm%) (2'39)
d2+42Rd+Ra

= O(de+2R + dT @mETa) ),

Tt is obvious that this rate is not the minimax optimal rate for class Y (&), this gap shows the cost of

grid search.

Next, let us consider the cost of approximation and how it is eliminated by using the linear grid (Hoff-

mann et al. [2011]). Namely, we show that adaptation for & is equivalent to adaptation for «:

O(dT#5r + dT (T om8) ) = O(dT#2R + dT(Tmata) ), (2.40)
: A R _  d’>4+2Rd+Ra _  d®>4+2Rd+Ra
The equality holds because | — & < 1 f75. Let J = m and Q = m, then

(d242Rd+Ra)

A —1°T> . . .

W = %Zz < T @rzm@Fa)@ta) . Taking the log of W yields log(W) = R% Since both «
and & are bounded by a constant range (0, 2], the term % < C for some constant C, W

is therefore O(1) as well.

Therefore, for functions with Holder exponent o < R, the second term in equation (2.40) is the

~ d?4+2Rd+Ra
dominant term and the expected regret rate is O(dT @+2zm@+a) ), For functions with Holder exponent
a > R, which essentially belongs to a subset of > (R, L), they will all have the same rate which is
~ d 1
O(derﬁ?'). When a = R, this matches the minimax rate for a. O

2.7 The Doubling Procedure for Algorithm 2
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Algorithm 3 Doubling procedure for Algorithm 2
Require: Meta-algorithm .49/°°% (Algorithm 2), fail probability &
1: fori=0... do
2 T, =20 )
3. Restart A9°%% with initialization parameters n; = |7,77%/ ln(ﬂ)diﬁ] and fail probability
§; = 65 /7%
Run A9%% for T; steps
5. end for

»




Chapter 3

Adaptation Sample Complexity:
Unknown Kernel Regularity in
Kernelised Bandits

This chapter is based on Liu and Singh [2023].

3.1 Introduction

Recall that in the continuum-armed bandit setting, the performance of algorithms is measured by the
cumulative regret (equation 2.1) which is the sum of differences between the maximum of the underlying
function and the reward incurred by the learning algorithm across all the time steps. As mentioned
in Chapter 1, optimizing cumulative regret requires a delicate exploration-exploitation tradeoff. The
algorithm needs to simultaneously exploit high-reward regions and explore uncertain regions. The
exploration-exploitation tradeoff is often dependent on complexity of the function space to which the
reward function belongs. In most theoretical analyses of cumulative regret of algorithms, complexity
of the function space is assumed to be known. Many studies use this assumption to design algorithms
that achieve minimax optimal performance when the function space is known, for example, for linear
functions [Dani et al., 2008, Abbasi-Yadkori et al., 2011], functions residing in reproducing kernel
Hilbert spaces (RKHS) [Valko et al., 2013, Janz et al., 2020] or drawn from Gaussian Processes [Srinivas
et al., 2009, Chowdhury and Gopalan, 2017], as well as neural networks functions [Zhou et al., 2020,

Kassraie and Krause, 2021].

However, despite the theoretical convenience, it is not always realistic to assume access to the under-
lying function space. For this reason, some recent works in continuum-armed bandits have started to
develop adaptive algorithms for when the function space is misspecified (see Section 3.2 for a summary
of related works). The best possible performance of adaptive algorithms is equivalent to algorithms
that know the parameter. An algorithm that simultaneously achieves minimax cumulative regret rates

without access to the parameter is said to achieve minimax adaptivity. While minimax adaptivity is

30
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possible under the simple regret minimization setting, recent works have proved that it is not always
achievable for cumulative regret minimzation [Locatelli and Carpentier, 2018|, due to the exploration-

exploitation dilemma.

When the reward function resides in an RKHS induced of some kernel function k, the problem also
is referred to as kernelised bandit. In this work, we focus on an important and open problem in
adaptivity in kernelised bandits, precisely, adaptivity to unknown kernel regularity. Recently, there
has been a line of theoretical works that study adaptivity under the kernelised bandit setting, such
as adaptivity to the length scale parameter and the RKHS norm [Berkenkamp et al., 2019] for a
given kernel, and adaptivity to e-misspecification, where the underlying function is e-approximated
by functions in an RKHS [Bogunovic and Krause, 2021]. To the best of our knowledge, the work
of Kassraie et al. [2022] is most closely related to our setting. They consider the setting where the
underlying function lies in an RKHS but the kernel is unknown. Kassraie et al. [2022] assume that
the kernel is a sparse combination of known base kernels and design algorithms with sublinear regret
guarantees under this assumption. A more detailed discussion of the prior works on adaptivity in
kernelised bandit is continued in Section 3.2.

Adaptivity of any algorithm with respect to the explicit regularity of the kernel function k, however,
remains an unsolved problem. We characterize the regularity of k£ using a general notion: the decay
rate of the Fourier transform of k& (Section 3.3). In contrast to, for example, adapting to the RKHS
norm which measures the smoothness of a function with respect to a fixed kernel, we adapt to the
regularity of kernels which controls the differentiability of functions in the associated RKHSs. The
kernel regularity thus determines the statistical complexity of the associated learning problem in a more
fundamental way. In estimation, optimization (including simple regret minimization) [Bull, 2011] and
cumulative regret minimization tasks [Srinivas et al., 2009, Kandasamy et al., 2019, Janz et al., 2020],
the kernel regularity affects the minimax regret rate through exponential dependence on 7', as opposed
to the RKHS norm which only affects the rate polynomially. We focus on this fundamental problem

of how well bandit algorithms can adapt to the unknown kernel regularity.

The contributions of this work are summarized as follows:

1. We derive the first lower bound on adaptivity to kernel regularity, expressed in terms of the kernel
Fourier transformation decay rate, for kernelised bandit problems. This lower bound serves as an
impossibility result, that no algorithms can simultaneously achieve minimax optimal performance
in RKHSs with different regularities.

2. For RKHSs of the Matérn family [Matern et al., 1960] of kernels, we prove that CORRAL [Pac-
chiano et al., 2020b], an existing model selection algorithm, applied with (non-adaptive) minimax
optimal kernelised bandit algorithms, matches the adaptivity lower bound' in the dependence
on T. In contrast, another model selection algorithm RBBE Pacchiano et al. [2020a] does not
match the lower bound.

3. By comparing the upper and lower bounds derived by this work to existing adaptivity results,
we draw connections between the statistical difficulty of adaptivity in three types of function
spaces: RKHSs, Sobolev spaces, and Holder spaces.

A summary of our results amongst existing results can be found in Table 3.1. Our main results

IExcept for log factors.
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Table 3.1: Summary of Our Results and Comparison to Existing Results

Regret RKHS of Matern-v: Hy,,, (X) = WY (X) ‘ Holder Space: (X))
Relationship: Hy,, (X) = W5 (X) C 2°=¥(X)
O(T#51) 6 (Tf%i)
Non-adaptive minimax - o
Valko et al. [2013],Scarlett et al. [2017] Liu et al. [2021],Wang et al. [2018]
0) (T(11++‘2217V>(+1V+VV> ), forv<v 0] (T“l:?zfgrﬁafv) ), fora< R
Adaptive | Upper bound | 7: Input to adaptive algorithm. R: Input to adaptive algorithm.
p P g p P g
(d=1) This work (Theorem 18) Liu et al. 2021, Theorem §|
~ 12420400 ~ 1242Ra+Ra
Q(Tana+y) | for v < D Q| Taema+e) | fora< R<1
Lower bound ( ) ( )
This work (Corollary 16) Locatelli and Carpentier [2018, Theorem 3]

(Section 3.4.2) are stated for more general kernels but in Table 3.1 only results with Matérn-v (Defini-
tion 15) kernels are shown as an example, for clear comparisons. For adaptive results, the values 7 and
R are input parameters to the adaptive algorithms, such that they achieve (non-adaptive) minimax
regret rates if the true parameter satisfies v = ¥ (for Matérn RKHS) or @ = R (for Holder spaces). We
use O to denote the asymptotic regret rate of T'. O omits dependence on other parameters such as the
radius of the RKHS ball B (Section 3.3), any constant factors, and log factors of T unless otherwise
specified.

Relationship with Neural Bandits.

The kernelised bandit formulation has implications for optimization of more complex functions under
the bandit setting as well, such as neural network functions. The Neural Tangent Kernel (NTK)
literature [Jacot et al., 2018, Arora et al., 2019, Lee et al., 2019, Bietti and Bach, 2020, Chen and Xu,
2020] argue that over-parameterized neural networks can be approximated by functions in an RKHS
of some composite kernel named the Neural Tangent Kernel, given that the network is sufficiently
wide and the training is lazy [Chizat et al., 2019]. Recent advances in this field establish interesting
connections between the structure of a neural network and the regularity of its corresponding NTK. For
example, Vakili et al. [2021a] consider wide fully-connected neural networks with activation functions
with smoothness s. The show that the RKHS of the NTK of such a network is norm equivalent to, or
embedded in, the RKHS of a Matérn-v kernel with v = s— % The value of v dictates the differentiability
of functions in the RKHS. Hence, the neural network functions considered in Vakili et al. [2021a]
are approximated by functions in the RKHS of a Matérn-v kernel.? These connections imply that
adaptivity to the kernel regularity in kernelised bandits can potentially be extended to adaptivity to
the structure of neural networks (such as smoothness of the activation functions considered in Vakili

et al. [2021a]) in neural network bandits.

The rest of the paper is structured as follows. In Section 3.2, we discuss relevant prior works. In
Section 3.3 we state the problem formulation. In Section 3.4 we present the main result of this paper,
a lower bound on adaptivity to kernel regularity. In Secion 3.5 we discuss upper bounds of existing

adaptive algorithms and whether they match the lower bound. In Section 3.6 we connect adaptivity

2The result in Corollary 3 of Bietti and Bach [2020] can be thought as a special case of when s = 1, since the
activation function considered is ReLU.



3.2 RELATED WORK 33

to kernel regularity and adaptivity to Holder exponents. Finally, we discuss the limitations and future

directions of our work in Section 3.7.

3.2 Related Work

Kernelised Bandit

In kernelised bandit problems, the reward function lies in a reproducing kernel Hilbert space (RKHS).
This problem has been studied by many previous works, under the assumption that the kernel and
other parameters (such as the upper bound on the function’s RKHS norm) are known. Valko et al.
[2013] take a frequentist approach and design a SuperKernelUCB algorithm, based on applying the
kernel trick to the (Sup)LinREL and (Sup)LinUCB algorithms [Auer, 2002, Chu et al., 2011]. The same
technique is later used in extension to neural networks by Kassraie and Krause [2021], who propose
SupNTKUCB which works with neural networks. SupKernelUCB achieves O(,/Tyr) regret where vy is
the maximum information gain between T total observations and the underlying function. For common
kernels such as the Matérn-v kernels, this regret is minimax optimal in its dependence on T (except for
log factors), by the lower bound provided later in Scarlett et al. [2017]. However, SupKernelUCB relies
on a batching technique that makes the algorithm performs poorly in practice [Calandriello et al.,
2019, Janz et al., 2020]. In the (parallel) Bayesian setting (the Gaussian Process bandit problem),
the underlying function is assumed to be drawn from a GP. GP-UCB algorithm [Srinivas et al., 2009,
Chowdhury and Gopalan, 2017, Janz et al., 2020] achieves the same regret bound as SupKernelUCB
O(y/Tvr) in the GP setting but becomes suboptimal (sometimes with linear regret rate) in the RKHS
setting with a O(y7V/T) regret [Vakili et al., 2021b].

Adaptivity in Kernelised Bandit

This problem we consider falls under the scope of model misspecification in bandit setting, which has
been studied for linear functions and Holder-smooth functions [Du et al., 2019, Foster et al., 2019,
Lattimore et al., 2020, Zhu and Nowak, 2021, Locatelli and Carpentier, 2018, Liu et al., 2021]. For
Holder functions, in particular, Locatelli and Carpentier [2018], Hadiji [2019] provide a lower bound
indicating that it is impossible to achieve minimax adaptivity to the Holder exponent. In this work,
we convey a similar message with respect to the regularity of RKHS. For adaptivity in kernelised
bandit problems, Berkenkamp et al. [2019] propose an algorithm with sublinear regret for when the
lengthscale parameter (Definition 15) and upper bound on the RKHS norm (equation 3.4) are unknown.
Neiswanger and Ramdas [2021] develop robust confidence sequence under the Bayesian framework to
use in adaptive methods for GP optimization when the prior mean and/or covariance parameters
are unknown. They conduct simulations for optimization on functions drawn from GPs but do not
provide explicit regret analyses. Bogunovic and Krause [2021] develop methods for e-misspecification,
where the underlying function can be arbitrarily non-smooth, but is approximated by functions in a
(known) RKHS with an e-error in infinity norm. They prove a Q(eT") lower bound for this setting and
derived a matching upper bound. However, note that between two function spaces, the approximation
error is a constant value and does not depend on 7. Since a constant € means an inevitable linear

regret (2(eT)), the e-misspecification setting [Bogunovic and Krause, 2021] does not directly apply
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to adaptation to the kernel parameters. In the Meta-learning regime, Kassraie et al. [2022] consider
RKHS with unknown kernels that are sparse combinations of known base kernels and proves that a
Meta-learned kernel can yield sublinear regret. However, since the kernel is Meta-learned, it relies on
offline tasks as training data. We do not assume the availability of offline data in the (fully online)
bandit setting.

To summarize, prior works (to the best of our knowledge) only consider parameters that influence the
regret rate in polynomial factors while our focus is on the regularity parameter which affects the rate
in the exponent of 7.

General Model Selection for Bandit

Another line of recent works on model selection in bandit settings makes less stringent assumptions on
the underlying function. Model selection algorithms are previously discussed in Section 2.1 as well. A
prominent type of such algorithms are based on a “corralling” mechanism, where a master algorithm
“corrals” several base algorithms as arms and each base algorithm selects actions with different prin-
ciples. In this chapter we focus on such corralling algorithms. The base algorithms usually assume
different function spaces. Agarwal et al. [2017], Pacchiano et al. [2020b] propose an algorithm named
CORRAL where the master algorithm is based on online mirror descent. In certain cases, CORRAL
performs comparably to the best base algorithm running standalone.® Pacchiano et al. [2020a] propose
the Regret Bound Balancing and Elimination (RBBE) which uses a (simpler) stochastic master algo-
rithm and an additional base-algorithm-elimination step. We refer readers to Section 3.5 for details

about these two methods and their performance in our problem setting.

3.3 Problem Setting

Problem Formulation

Again, consider the stochastic continuum-armed bandit problem. At time step ¢t € {1,...,T}, the
learner chooses an action z; from the compact domain X = [0,1]%, and receives a reward y;. The

reward is a noisy observation of the underlying reward function f: X — R:

ye = f(xt) + e, (3.1)

where the noise variable 7, follows a zero-mean sub-Gaussian distribution (see Theorem 14). The

optimization objective is the cumulative (pseudo-)regret (equation 2.1) is restated as follows.

T

Rr =Y f(z")— f(x), (3.2)
t=1
where z* is the global maximizer of f, unknown to the learner. Results in this paper are expressed

in expected cumulative (pseudo-)regret E[Rr], where the expectation is taken over the randomness of

{xt}tzl...T-

3Arora et al. [2021] also study the problem of corralling bandit algorithms in the stochastic setting, but only finite-
armed case is considered.
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Kernelised Bandit

We consider the setting where f is square-integrable and resides in an RKHS Hj of a symmetric,
positive-definite kernel k& : RY x RY — R. The RKHS is unique given the kernel [Wainwright, 2019,
Theorem 12.11]. We denote the RKHS of k on domain X as Hy(X). In this work, we restrict
our attention to translation-invariant kernels, precisely, kernels that satisfy the following: k(z,2') =
#(z—x"), for some function k : R¢ — R. For a translation-invariant kernel, the regularity of functions in
the RKHS is captured by the Fourier transform of the kernel. Precisely, we have the following definition
when the domain is R?. Let §(w) denote the Fourier transformation [Wendland, 2004, Williams and

Rasmussen, 2006] of a function g as Vw € R%.
Hi(RY) = {f € Lo(RY) N C(RY) : (3.3)

£ 2
o [ MO,
Il o= )2 [ 0 < o0}
When the domain X is a subset of RY, # still captures the regularity of H(X), via a norm equivalency
result that holds as long as X has a Lipschitz boundary. Details can be found in Section 3.4.1,
Lemma 12. We write || f]x 2 £l 2,2y for simplicity. We apply the common assumption [Srinivas
et al., 2009, Valko et al., 2013] that the RKHS norm of f is upper bounded by a value B,0 < B < occ:

feHH(X,B):={f:feHlfllr <B} (3.4)

We refer to H (X, B) as a ball in the RKHS with radius B.

3.4 Main Result: Adaptivity Lower Bound

In this section, we present the main result, a lower bound on adaptivity to the regularity of kernel
(Theorem 14). The regularity of a translation-invariant kernel is expressed as the decay rate of its
Fourier transformation (equation 3.9). We next instantiate this idea with a norm equivalency result
between an RKHS and a Sobolev space. The norm equivalency result is dependent on the kernel

Fourier decay rate. The proof of Theorem 14, in turn, relies on this norm equivalency as well.

3.4.1 Norm Equivalency Between RKHS and Sobolev Space

Consider integer-order Sobolev space W™P(X') where m, p are integers greater or equal to 1. We define
the following notions for a multi-index vector a = (a1 ... q): |aj=a; + -+ + ag, al = aq!. .. a4! and
@ =z .. 25" Let D(® = % denote the multivariate mixed partial weak derivative. The
Sobolev space and corresponding Sobolev norm (|| - ||;np,x) are defined as follows.

WmP(X) = {f € L,(X): DY f e L,(R?),Y|a| <m}, (3.5)

P

g = 3 / D@ f(z)Pdz | (3.6)

lo|<m

We refer to m as the order of the Sobolev space. Furthermore, define the j-th order seminorm [Adams

and Fournier, 2003, Definition 4.11] ||, , » with integer j < m, which is the sum of £, norm of its j-th
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weak derivatives. )
P
=[S / D@ f()Pda | (3.7)

la|=3

|f

In correspondence to the RKHS ball (equation 3.4), we define a Sobolev ball with radius L as the set

of functions whose m-th order seminorm are upper bounded by L.
WmP(X, L) ={f € W"P(X) :|flmpax < L} (3.8)

When p = 2, the Sobolev space is equivalent to the RKHS of a translation-invariant kernel k. This
connection plays an important role in the analysis. We consider only Sobolev spaces with p = 2, and
hence abbreviate W™ (X)) 2 yym2 (X). The precise norm equivalency is introduced in the following

lemma.

Lemma 12. Wendland [2004, Corollary 10.48] Let k : R? x R? — R be a translation-invariant kernel
function such that k(-,-) = k(- — ) for k € L1(R?). Suppose Q € RY is a domain with Lipschitz
boundary. Suppose & has the following polynomial decay rate of s, for s > d/2,s € N,

(14 w]3) 7 < k(W) < ea(1 + [|wl3) 7, Vo € RY, (3.9)

for some constants 0 < ¢; < co. Then, the associated RKHS H(Q) is norm equivalent to the Sobolev
space W™(Q) with m = s.

Having established the equivalency between RKHS and Sobolev spaces, we further introduce some
notions to quantify the relationship between Sobolev seminorm (which is the radius of Sobolev balls)

and RKHS norm in the following lemma.

Lemma 13. Suppose that m is a positive integer larger than d/2. Let Q be a finite-width domain
with Lipschitz boundary. Let Wy (Q) denote the closure of C§°(Q) (set of functions that have com-
pact support in Q and, together with their infinite order of partial derivatives, are continuous) in
WP (Q) Adams and Fournier [2003].  Then, the m-th Sobolev seminorm of f can be bounded by its
RKHS norm with respect to a translation-invariant kernel k with Fourier decay rate m. Precisely,

flmz < flln < €l flm,2, (3.10)

for some constants 0 < ¢ < €.

The constants ¢, ¢ are used globally in this work and appear in the lower bound in Section 3.4.2. The

proof of Lemma 13 can be found in Appendix 3.8.1.

3.4.2 Lower Bound on Adaptivity to Kernel Regularity

Theorem 14 presents our lower bound for adapting between a pair of RKHSs of different (kernel)
regularities. An intuitive interpretation of the theorem is as follows. Consider a nested pair of balls
in two RKHSs. Suppose both kernels satisfy the conditions in Lemma 12 but with different Fourier
decay rates: m; € N and mo € N such that 0 < m; < my. If an algorithm that is oblivious to the true
regularity value somehow achieves a small (for example, minimax optimal) regret on all functions inside

the (smoother) RKHS ball with parameter mg, this algorithm will suffer a price of larger (suboptimal)
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regret on at least one function inside the (rougher) RKSH ball with parameter m;. For the lower
bound analysis, we consider d = 1 and leave the extension of the lower bound to d > 1 as a future
direction (Section 3.7).

Theorem 14. Consider the problem setting in Section 3.3 with noises {n; }1=1.. 1 that are i—subgaussmn.
Let R be a positive number, let mi, ma be two positive integers that satisfy my < mq. There exist two
positive values By and Bs, such that the following statement is true. Consider an algorithm that
achieves in the RKHS of a kernel k,,, with Fourier decay rate ms the following regret upper bound.
sup  E[Rr] < R. (3.11)
€Mk, (X,B2)

Then, the regret of this algorithm in a (less smooth) RKHS of another kernel k,,, with Fourier decay
rate my is lower bounded by the following. Suppose that functions in the function spaces have bounded

Lo norm.*

sup E[Rr] > (3.12)
FEH 1y, (X.B1)

mq—1/2
L (Clm)\ ™57 (BT pomce
8 32 c

Here, C(mq) denotes a constant that depends on my.

It is worth noting that, although the lower bound has a factor of T, the regret is not necessarily linear
in T, because R also depends on T' and in fact usually ranges from O(v/T) to O(T). The full version
of this theorem is presented as Theorem 20 in Appendix 3.8.2, where we state the full constraints on
the radius values By and Bsy. Since By and B, are only upper bounds on the RKHS norm and not
the kernel regularity that we focus on, we present only the concise version here to show the adaptivity

difficulty with respect to regularity parameters m; and mo.

3.4.2.1 Proof Sketch

The proof of Theorem 14 consists of two key parts. The first part is constructing the hypothesis
functions, in which we borrow ideas from lower bounds in regression problems [Tsybakov, 2004]. The
second part is lower bounding the cumulative regret, given the constructed hypothesis functions, where
we follow Hadiji [2019, Section 2.2]. Intuitively, the second part shows that if any player achieves a small
regret on all the smoother functions, then it inevitably incurs large regret on the rougher functions in
the space, because of its disproportionally small amount of exploration. The method in Hadiji [2019]
is itself an improved version of the adaptivity lower bound for Holder spaces proposed in Locatelli and
Carpentier [2018].

3.4.2.2 A Sobolev Version of the Lower Bound

It is convenient to construct functions with compact support and finite Sobolev semi-norms from an
infinitely-differentiable base function, such as the bump function Tsybakov [2004]. On the other hand,
directly constructing functions with finite RKHS norms [Scarlett et al., 2017, Section III.A] involves

4Functions in Sobolev spaces and RKHSs are square-integrable.
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inverse Fourier transformation of the bump function and thus leads to wavelet-like functions with
non-compact support. Therefore, it is more natural for us to first consider functions in (integer-order)
Sobolev spaces as hypothesis functions, and then use the norm equivalency result between Sobolev
spaces and RKHSs to prove the lower bound. More precisely, the hypothesis functions constructed in
the proof reside in a Sobolev ball W™ (X, L), for some (integer) order m and radius L. Via the norm
equivalency (Lemma 13), those functions also resides in a RKHS ball of a kernel with Fourier decay
rate m.

As a result, there is a Sobolev version of the adaptivity lower bound. Informally, let mq,mo be two
positive integers such that my > my. If an algorithm achieves a R regret upper bound in the smoother
Sobolev space W™2(X'), then its regret over functions in W™ (X') is lower bounded by Q(]:T% T).
We formally state the Sobolev version of the adaptivity lower bound in Theorem 22 in Appendix 3.9.1.

The two lower bounds share the same proof structure, connected via the norm equivalency in Lemma 12.

3.4.2.3 Impossibility Result for Matérn Kernels

For the Matérn-v family of kernels [Matern et al., 1960], an implication of Theorem 14 is that no algo-
rithm can achieve minimax adaptivity between two RKHSs if they have different regularity. Therefore,
we also refer to this lower bound as an impossibility result for adaptivity to the kernel regularity. We
formally define Matérn-v family of kernels in Definition 15.

Definition 15. The Matérn-v kernel and its Fourier transformation are defined as follows for dimen-

sion d.
kmatern, (@, 2") (3.13)
_ il(;; (\@Ilwl— x’nz) 5 (Y2 =l 514
FMatérn, (w) = cl(% + wl2) "), (3.15)
where ¢; = 2dﬂd/2?((';;§£2)(2”)y, J, is the modified Bessel function of the second kind, [ is the length-

scale, and v > 0 is the regularity parameter. In this work, we assume for simplicity that the length-scale
is set to ox v/ 2v.

The Fourier transformation of a Matérn kernel with regularity parameter v decays with a rate of v+ g
(equation 3.15). Therefore, we can instantiate the impossibility result for Matérn kernels. The result
is presented in Corollary 16. Precisely, for 0 < v; < v», if an adaptive algorithm achieves minimax
regret rate on a Matérn RKHS with regularity v, then it has a strictly suboptimal regret rate on the
RKHS with v.

Corollary 16. Suppose the problem is the same as defined in Theorem 1. Let v1,vs be real numbers
that satisfy 0 < v1 < vo and V1 + % e Ny + % € N. There exist two positive values By, Bo, such that
the following statement is true. Suppose an algorithm oblivious to the true regularity parameter value
achieves the following minimax optimal regret ° on Hiortarern, vy (X5 B2),

~ vo+1
sup E[Ry] = O <T7+) , (3.16)
ferMatérn,uz (X7BZ)

50Omitting the dependence on the upper bound on RKHS norm.
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then the regret of this algorithm on RKHS Hp,sne,, ., (X, B1) is lower bounded by the following.

vive+2ug+1
sup (T(V1+1)(2V2+1)) (317)
fEHkMatérn,ul (X7Bl)

The proof of Corollary 16 is an application of Theorem 14 and can be found in Appendix 3.9.2. The
~ vy+1

cumulative regret rate in 3.17 is suboptimal compared to the minimax rate which is O(T2”11+1) (see

Section 3.5.1 for non-adaptive minimax rates). Therefore, Theorem 14 is an impossibility result for

adaptivity to kernel regularity with Matérn kernels.

3.5 Upper Bounds of Adaptive Algorithms

We consider two adaptive algorithms particularly: CORRAL from Agarwal et al. [2017], Pacchiano
et al. [2020b] and Regret Bound Balancing and Elimination (RBBE) from [Pacchiano et al., 2020a].
The two algorithms (i) can be applied to the problem of adaptation to kernel regularity and (ii) have

explicit regret guarantees in this setting.

The adaptive algorithms, however, need base algorithms that are non-adaptive minimax optimal.
We first provide an overview of such non-adaptive algorithms for kernelised bandit in Section 3.5.1.
Then, we derive adaptivity upper bounds of CORRAL and RBBE in Section 3.5.2 and Section 3.5.3
respectively. For concreteness, we only consider RKHS of Matérn-v kernel (Definition 15) in this
section. To match the lower bound, we set d = 1. Comparison of the upper bounds to the lower bound
(Theorem 14), shows that CORRAL (coupled with minimax optimal base algorithms) can match the

lower bound in dependence on T between certain pairs of values for v.

3.5.1 Overview: Non-adaptive Minimax Algorithms

We discuss the theoretical performance of algorithms developed for kernelised bandits in Section 3.5.1.1.
We show that a recent algorithm that is designed for continuum-armed bandit in Holder spaces [Liu

et al., 2021] is also optimal over functions in RKHS of Matérn kernels in Section 3.5.1.2.

3.5.1.1 SupKernelUCB and GP-UCB for RKHS

Recall that the lower bound (in terms of T') on cumulative regret for kernelised bandit with Matérn-
v kernels kmatern,y 1S Q(T%), as proved by Scarlett et al. [2017]. There are mainly two types
of algorithms applicable for the kernelised bandit problem: (i) GP-UCB [Srinivas et al., 2009] and
its variants [Chowdhury and Gopalan, 2017, Janz et al., 2020], and (ii) KernelUCB and its Sup-
variant Valko et al. [2013]. The GP-UCB-style algorlthms display a non-trivial empirical advantage
over the impractical SupKernelUCB. That being said, GP-UCB is suboptimal theoretical upper bounds

for certain types of kernels under the RKHS assumption, including for Matérn-v kernels. In the

- v+3
RKHS of a Matérn kernel Enatsrn,n, GP-UCB achieves a regret of O(TTfl).G. On the other hand,

8The suboptimality of GP-UCB is discussed more extensively in Vakili et al. [2021b]
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SupKernelUCB matches the lower bound with a regret rate of O(T?VTTI)7

3.5.1.2 UCB-Meta for Holder Space

Apart from the kernelised bandit algorithms discussed above, Liu et al. [2021] propose an algorithm for
continuum-armed bandits in Holder space with exponent v > 1 with regret upper bound that matches
existing lower bounds [Wang et al., 2018, Singh, 2021] except log factors. This algorithm is named
UCB-Meta. We show in Theorem 17 that UCB-Meta is naturally minimax optimal in dependence on
T over the RKHS of certain kernels.

Theorem 17. Consider the kernelised bandit problem where f € Hiyyopirn, (X, B), where v > 0 and
v+ % € N. Then, UCB-Meta achieves the following regret upper bound,
sup E[Rr] = O (T%) , (3.18)
ferMatérn,u (X,B)

where O omits dependence on radius of the RKHS ball B, constant factors depending on v, and log
factors of T.

The regret rate shown in Theorem 17 is derived from the result that Hp,,,,... ., (X) is embedded in a
Holder space ©*(X) with o = v. The proof can be found in Appendix 3.9.3. Singh [2021] have shown
a similar argument while focusing mainly on the connection between Besov and Hoélder spaces.

3.5.2 CORRAL as Adaptive Algorithm

The original CORRAL algorithm for model selection in the bandit setting is first proposed by Agarwal
et al. [2017]. The original CORRAL requires that modifications be made to each base algorithm
for them to satisfy a stability condition (Definition 3 in Agarwal et al. [2017]). These modifications,
however, have to be made on a case-by-case basis. Therefore, we use the smoothed version of CORRAL
which is proposed by Pacchiano et al. [2020b]. The smoothed CORRAL puts a smoothing operation
between the master algorithm and base algorithms and thus does not require modifications be made to
the base algorithms. Smoothed CORRAL operates only with stochastic environments, which is satisfied
by our assumptions (Section 3.3). For simplicity, we refer to the smoothed version of CORRAL as
CORRAL. CORRAL uses an adversarial online mirror descent algorithm as the master algorithm.

Recall that a non-adaptive minimax kernelised bandit algorithm achieves O(T;Till) regret (Section 3.5.1),
if instantiated with the correct parameter v. By plugging in the regret of base kernelised bandit al-
gorithms in the general result in Theorem 5.3 in Pacchiano et al. [2020b], we derive a adaptive upper
bound for CORRAL in Theorem 18. CORRAL achieves sublinear 6(T") regret on all possible values of
v* (See Theorem 18). Oppositely, a non-adaptive algorithm instantiated with parameter value 7 does
not have sublinear regret guarantees if the true parameter v* < v, because the underlying function
space My, orn.,+ 18 DOt contained in algorithm’s hypothesis space. In Theorem 18, I € w is a parameter
that is specified by the user and can be interpreted as the parameter that specifies the space on which

the algorithm is configured to achieve minimax regret.

"The analysis of SupKernelUCB was originally for finite-armed setting, but Cai and Scarlett [2021, Appendix A.4]
state that it can be extended to the continuum-armed setting where X = [0, 1]¢, suffering only a O(dlog(T)) term in
the regret.



3.5 UPPER BOUNDS OF ADAPTIVE ALGORITHMS 41

Theorem 18. Consider the kernelised bandit problem where f € Hy,,..... .(X,B*), v* + % € N and
v*, B* unknown to the learner. Let w = {(v1, B1),(va, Ba),...,(var, Bar)} be a list of candidate input
value pairs such that w specifies a nested set of RKHS: Hipyern,, (X5 B1) C Hipgrirn o, (X, B2) C
o+ Hertaserny, (X Bar). Suppose that (v*, B*) € uw. Let A = {A;,i € [M]} be a set of (non-adaptive)
minimaz optimal kernelised bandit algorithms with anytime regret guarantees, each instantiated with
the regularity and radius (v;, B;) € w. The regret from running CORRAL with input total time steps
T and learning rate n = O(T_%) applied with base algorithms from A is as follows.®

o 2 op4pu*
sup E[RT]:o(Tmax<f+zm:+zém>>). (3.19)

ferMatém,V*

The proof of Theorem 18 can be found in Appendix 3.9.4. This result indicates that CORRAL achieves
(i) minimax optimal rate O (T 11++£L*) in terms of T, if the underlying kernel regularity v* = ; (ii)

. SN ASE A N _ . A f g LRy .
suboptimal rate O (T7#27 ) if v* > ¥ and (iii) suboptimal rate O (T0+200+% ) when v* < . Let

vi, vs satisfying v < v3 be two possible values of the true regularity that both satisfy the assumptions

B 124204 o0f
in Theorem 18. Suppose v; < ¥ < vo*. By Theorem 18, CORRAL achieves regret O <T(1+2”)<1+”f>> if

the true parameter is vj and O (T %) if the true parameter is v5. By Theorem 14, the lower bound
14+2040v]f

over the rougher RKHS with v is Q <T““")(1+”T> ) . The lower bound is matched by the upper bound

in the exponent of 7.

In conclusion, CORRAL matches the adaptivity lower bound in the dependence on T except log factors,
between any pair of regularity values (vf,v3), such that vf > 7, v} + 3 € Nand v < 7,15 + 1 €N,

Finally, note that in this subsection, the assumption is that the true parameter(s) are contained in
the candidate set u. Hence, Theorem 18 reflects the cost of adaptation (model selection), which is
the difficulty of selecting the best base learner out of all candidates. If, however, the true parameter
is not contained in w, then adaptive algorithms will incur another type of cost, namely the cost of
“discretization”. This cost is generated from the difference between the true parameter and the closest
value in uw. Using an exponential [Pacchiano et al., 2020b] or linear [Liu et al., 2021] grid for w can

usually incur a small cost of "discretization".

3.5.3 RBBE as Adaptive Algorithm

The regret bound balancing and elimination (RBBE) algorithm proposed in Pacchiano et al. [2020a]
achieves near-optimal regret in several adaptivity problems with linear function spaces. RBBE can be
thought of as using a stochastic master algorithm that selects the base algorithm with the smallest
candidate cumulative regret at each time. Therefore, it enjoys advantages such as gap-dependent
regret bounds and high probability regret bounds. Unlike CORRAL, it does not need a user-specified
parameter to control the space over which the algorithm will achieve minimax optimal regret on.
Instead, the alg;)rithm achieves simultaneously on all possible values of v* the regret upper bound
of O(T%) 2If we plug this upper bound in Theorem 14 for v* = v, then a lower bound
duE 102 dah
of QT (<2“25;+)1;<”%+2” ) is incurred for when v* = vf, given that 0 < v; < v3. The upper bound of

80 omits dependence on radius of the RKHS ball B, constant factors depending on v, and log factors of T'.
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RBBE is larger than the lower bound in the exponent of T. A more detailed description of the RBBE
algorithm and a formal statement of its adaptivity upper bound can be found in Appendix 3.8.3 and

Theorem 21 therein.

To summarize, although both CORRAL and RBBE as adaptive algorithms can achieve sublinear
regret simultaneously on different kernel regularity, CORRAL has a better theoretical adaptivity in
this problem. While RBBE fails to match the lower bound, CORRAL achieves the adaptivity lower

bound for certain pairs of v values for Matérn-v kernels. ©

3.6 Connection with Adaptivity to Holder Exponents

The adaptivity lower bound in Theorem 14 specifies the difficulty of adapting between two RKHSs of
kernels with polynomial Fourier decay rate my and mo, where 0 < m; < ms, my; € N, mo € N. Recall
that R is the regret upper bound on the smoother RKHS with parameter ms. The lower bound on

mq—1/2

- N /
the RKHS specified by m; depends inversely on R through an Q(T - R~ sy 2) dependence.

Shifting the perspective from RKHS to Holder spaces, the adaptivity difficulty has been studied by Lo-
catelli and Carpentier [2018], Hadiji [2019], for a subset of values for the Holder exponent «. Precisely,
Theorem 3 in Locatelli and Carpentier [2018]| provides an Q(T - R_%) dependence as the lower
bound, for adapting between two Holder spaces with exponents o, as satisfying a; < ap < 1.'° Here,
R is the upper regret bound on the smoother Holder space X*2(X). We know by Lemma 12 that an
RKHS Hy,, , (X) with kernel Fourier decay rate m; is norm equivalent to Sobolev space W™ (X'). Cou-
pled with the Sobolev embedding theorem for integer-order Sobolev spaces [Adams and Fournier, 2003,
Theorem 5.4], it is straightforward to see that Hy,, (X) C ¥%(X), where a = m — 1 (Appendix 3.9.3).

Note that we have the following equivalence between the lower bounds if oy = mq — %

. mqp—1/2

TR ™+1/2 oc TR™ a0, (3.20)

Therefore, for continuum-armed bandit problems, the statistical difficulty of adapting to kernel reg-
ularity of RKHS is the same as adapting to Holder exponents, if the Hlder exponents represent the
smallest Holder spaces that the RKHSs embed in.

3.7 Discussion

We discuss several future directions, stemming from the current limitations of our work. Our current
theoretical results are for the domain with d = 1,!! so it is of interest to extend the current results to
d > 1. Instead of partitioning the domain X = [0, 1] into M sub-intervals, one needs to partition the
hypercube [0, 1]¢ into M sub-cubes and construct the hypothesis functions with appropriate Fourier

decay correspondingly. Such an extension is possible akin to Scarlett et al. [2017].

91t is our conjecture that the stochastic master used by RBBE (as opposed to the adversarial one in CORRAL)
limits its model selection ability in certain cases.

10Proving the adaptivity rate for when the exponents are larger than 1 remains an open problem.

11Note that this is not equivalent to the dimension of the feature map of a kernel.
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Another direction is to derive adaptivity upper bounds in terms of Fourier decay as well and verify
the tightness of the lower bound in more cases than Matérn kernels. Since we currently investigate
translation-invariant kernels, a more long-term direction is the investigation of adaptivity to rotation-
invariant kernels, to connect to NTKs which are usually rotation-invariant dot-product kernels [Bietti
and Bach, 2020, Chen and Xu, 2020, Vakili et al., 2021a|. Finally, this study is of theoretical nature, so
it remains an open problem to empirically study adaptivity to kernel regularity, based on the insights

provided by our lower and upper bounds.

3.8 Auxiliary Derivations

3.8.1 Proof of Norm Equivalency Between RKHS Norm and Sobolev Semi-
norm

Proof of Lemma 13. Tt is shown by Wendland [2004, Theorem 10.12, Corollary 10.48] that: if a
translation-invariant kernel k& with Fourier decay rate s (Lemma 12), then the associated RKHS Hj,
defined on a Lipschitz domain € is norm equivalent to the Sobolev space W™=%2(Q). The norm
equivalency indicates that there exist two constants ¢1,c2, 0 < ¢1 < co, such that for f € Hi(Q2), the

following statement holds.
cillfllm2.x < [fll < call fllm2.x- (3.21)

Now, we examine conditions under which the norm equivalency can be extended between the seminorm
(equation 3.7) of Sobolev spaces and the RKHS norm. As in Lemma 13, let W™ (X') denote the closure
of C§°(X) in W™P(X).'? Adams and Fournier [2003, 6.26] give the following result: if X" has finite
width, then for f € W™?, the seminorm ||,,, is equivalent to the standard norm || - ||;np. The one-
dimensional interval domain X we consider trivially satisfies the Lipschitz boundary condition, hence

we have the following result.

Lemma 19. If a function lies in WP (X) where X = [0,1], then there exists a constant K < oo,
such that
"|m,p,X < H ’ ||m7p7X < K"‘m,p,?ﬁ' (3-22)

Combining Lemma 19 with the norm equivalency in equation 3.21, we recover the inequalities in
Lemma 13.
c1lflmaz,x < flla, < Keal flm,2,x- (3.23)

O

3.8.2 The Full Statement of Theorem 14

We present the full version of Theorem 14, which fully states the constraints on the radius B; and By
in Theorem 14. The proof is deferred to Appendix 3.9.1.

Theorem 20. Consider the bandit problem setting (Section 3.3) with noises {n}i=1..17 that are %—

subgaussian. Further assume that the Lo norm of functions f we consider is upper bounded by finite

12Here, we borrow the definitions from Adams and Fournier [2003].
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value vy < 00: ||f|l2 < 7o. Let R be a positive number, let mo > my > 0 be two positive integers, and

let By, By be two positive variables that satisfy the following conditions.

3m1+% 1~ 1 mo—mq %
cmax 32 C(ml)im1+§R7 ’K(m17m2770a‘)()6 2 BQ 2

< By < C'(my,my)~(mFHg-m+d) gt s pmi—d (3.24)

where C(mq) and C’'(my, ms) are constants whose exact forms are defined in equation 3.58 and equa-

tion 5.6/ in the proof. K(mi,ma,v0,X) is a constant depending on my, ma, the domain and vy."

Consider any algorithm that achieves in RKHS ball Hy,, (X, B2) the following regret upper bound,

where the kernel ky,, has Fourier decay rate ms.

sup E[R7] < R, (3.25)
FE€Hppny (X.B2)

then, the regret of this algorithm in a (less smooth) RKHS ball induced by another kernel k.., with
Fourier decay rate my is lower bounded by the following.

mq—1/2 1
1 my+1/2 B mi+1/2 . mg-—1/2
sup E[RT]Z(C(m1)> ' (1) U R T (3.26)
FEHip, (X.B1) 8\ 32

c

3.8.3 Adaptivity Upper Bound of RBBE

At each round, RBBE [Pacchiano et al., 2020a] first performs an elimination step to remove misspecified
base algorithms, then selects a base algorithm among the remaining ones. The elimination step tests
whether each base algorithm is well-specified, that is, whether each base algorithm’s hypothesis space
contains the underlying function. If a base algorithm fails the test, then it is eliminated. In the selection
step, the master algorithm simply chooses the base algorithm with the smallest presumed cumulative
pseudo-regret. Therefore, RBBE can be thought of as using a stochastic master algorithm (remarked
in Pacchiano et al. [2020a] as well), instead of using an adversarial one as CORRAL [Agarwal et al.,
2017, Pacchiano et al., 2020b] does.

The general regret of RBBE is stated in terms of the play ratio, which is the ratio between the number
of times a base algorithm is played and the number of times that the best base algorithm is played. To
instantiate the play ratio, Pacchiano et al. [2020b] considers only the setting where the regret rates of
all base algorithms (if well-specified) have the same exponents on 7. That is, the regret rates are T%
with a fized 8 € (0, 1] across all base algorithms. However, this setting does not align with our setting

where, for base algorithm ¢ with input value v;, the exponent of T in its (well-specified) regret bound

v,+1
2u;+1°

setting. The result of RBBE is stated in Theorem 21 and the proof is deferred to Appendix 3.9.5.

is Hence, we make changes to the proof in Pacchiano et al. [2020b] to apply it to our problem
Theorem 21. Suppose that the problem setting, the set of candidate values u and the set of base
algorithms A are the same as defined in Theorem 18. The regret of RBBE applied with base algorithms
in A is as follows, with high probability 1 — 9.

~ 144v*420%2
sup Ry = O(Tr+a7+w77), (3.27)

ferMatérn,u*

13The exact value of K(ma,v0,X) is deferred to the proof of Theorem 4.14 in Adams and Fournier [2003].
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3.9 Proofs of Results

3.9.1 Proof of Theorem 20

As explained in Section 3.4.2.1, the proof of Theorem 20 arises from the proof of a parallel Sobolev
version of the adaptivity lower bound. We formally state the Sobolev version of adaptivity lower bound

below.

Theorem 22. Consider the bandit problem setting (Section 5.3) with noises {n;}i=1..7 that are §-

subgaussian. Further assume that the Lo norms of functions f we consider are upper bounded by the
finite value vg < 0o: ||flla < 0. '* Let R be a positive number, let ma > my > 0 be two positive
integers, and let L1, Ly be two positive variables that satisfy the following conditions:

mq

mi+3 1o~
max{3 2C(m1)ml*ZRI,K(ml,mgpyo,X)Lg’"‘z} (3.28)

32
< L1 < C,(ml,mg)i(mﬁké)L;nlJr%le*%

where C(my), C'(m1,ms) are constants whose exact forms are defined in equation 3.58 and equa-
tion 3.64 respectively. K(mi,ma,o,X) is a constant depending on my,ma, the domain and 7o, the

1.15

upper bound on the Lo norm of functions in the Sobolev bal Consider an algorithm that achieves

in the Sobolev ball W™2 (X, La) a regret upper bound of R.

sup E[Rr] < R, (3.29)
feWm272(X,L2)
then, the regret of this algorithm in the less-smooth Sobolev ball W™ (X, L) is lower bounded by the
following.
my—1/2

1 mi+1/2 . m1-—1/2
sup  E[Rp]> - (C(ml)) U Ly B T (3.30)
FEW™I(X,Ly) 8\ 32

In the next part, we present the proof of Theorem 22, which also leads to Theorem 20. The values
B, By in Theorem 14 should be set as follows.

By = ¢Ly, By = ¢Ls, (3.31)

where ¢ is the global constant in Lemma 13.

Proof. Consider the Sobolev version of the theorem (Theorem 22). Recall that the adaptivity is
between balls in two different spaces, the “rougher” space W™ (X, L;) and the “smoother” space
Wm2(X, Ls). First, we consider the constraints between L; and Ls such that W2 (X, Ly) C W™ (X, Ly).
In other words, f € W™2(X, Ls) should be sufficient condition for f € W™ (X, Ly). Theorem 4.14
in Adams and Fournier [2003] and references therein give the following interpolation upper bound

between orders of smoothness for a function f € W™ (X),

m2—mj

[ Flisa < K(ma, X)(|Flma) ™ 1flls ™, (3.32)

By our assumption on the underlying function f in equation 3.5, we know that it has bounded L3 norm.
15The exact value of K(ma,vo0,X) is deferred to the proof of Theorem 4.14 in Adams and Fournier [2003].
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where K (mag, X) is a constant depending only on my and the domain X. If f € W™2(X, Ls), then by
definition (equation 3.8) we know that |f]|,,, < Lo. Using equation 3.32, we have that:

mo—mq

m m
|flmy.2 < K(mg, X)La™ | fll; ™ (3.33)

To ensure that the two Sobolev balls are nested, L; should be larger than the right-hand side of the
above inequality. The Lo norm of f is upper bounded by || f|l2 < vo. Plugging it in equation 3.33
incurs an lower bound for Lq:

mo—mq mq

L1 2 K(mlamQ,’yOaX)L2m2 = K(m%)()% m2 L2m2 .

Having established W™2(X, Ly) C W™ (X, L1), we start with the formal proof of the adaptivity lower
bound.

Function Construction Part I. This part is adapted from the regression lower bounds in Tsybakov
[2004, Section 2.6]. Let M be a positive integer parameter, which is the number of hypothesis functions
we need. The value of M remains to be determined later in the proof. In the following, we shall assume
M > 2 and eventually prove that this assumption holds. Further, define bandwidth h = ﬁ Let A >0
be a parameter that represents the maximum of the M hypothesis functions in W™2(X, L;). The

value of A remains to be determined later in the proof same as M.

Partition the 1-dimensional domain X = [0,1] into M + 1 bins: Hy.  as, such that Us—g pHs = X.

Define the bins and their middle points Z,. . s as follows.

-1 _ 1
Hs:{s s],fS:SQ, fors=1...M,

2M ' 2M 2M
1 3
Ho=|=,1|, 7= 2.
0 |:2a :|a Zo 4

We use the bump function as a base function, then we shift the base function to construct the hypothesis
functions. The bump function is defined as follows. It has compact support on (—1,1). Function Ky(-)

is infinitely differentiable with continuous derivatives [Tsybakov, 2004, (2.34)].

Ko(z) = eXp(%lxz)H(|x| <1). (3.34)

1

Next, define M + 1 functions as follows, each one has support inside one of the M + 1 bins.

fo = ahml_’K(_T), s=1...M, (3.35)
fo=ahm 3R~ —hxo)’ (3.36)
where
K(u) = Ko(bu), (3.37)
K(u) = Ko(bu). (3.38)

a,b, d,?) are non-negative parameters to be defined later. We require that b > 2 and b > 4h, so that
the support of every function fs is inside Hg, Vs < M. Lemma 24 ensures that the requirements on

b,b hold, by posing constraints between A and M.
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We introduce the following lemma to specify requirements on the variables a, b, @, B, with respect to A
and L, L. This is to make sure that values of a, b, dj) guarantee that f, € W™ (X Lq), V1 <s< M
and fo € W™2(X, Lo).

Lemma 23. Let K} to denote the mazimum value of Ko(-), a constant less than 1. Let I, I,

denote the Lo norms of the my, mo-th order derivatives of Ko(-), respectively. That is, I, =
2 2

f_ll [Kéml)(u)} du and I, = f_ll [Kémﬁ(u)} du. Then, if A is the maximum of fs in W™2(X, L),

forall s=1...M and A/2 is the mazimum of fo in W™22(X, Ls), the function parameters a, b,a,b
satisfy the following:

a=ARM)™ 3 /K} (3.39)
a=AQ2M)™"3 2K (3.40)
1
< .
b< (AQ(QM)zml—qml) (3.41)
1
- 4L3K;? Zma =1
< )
i< (o) (3.42)

Proof of Lemma 23. The constraints on a,a follows trivially from the requirement that fi = A for
s=1...M, f§ = A/2, and plugging in h = 1/2M.

The constraints on b,g are to ensure that

Hfs(ml)HQ <Ly s=1...M
1752 < Lo

We first consider requirement for ||fs(m1)||2 <L, s=1...M. Fors>1,

17113
1 2
[ el
0
1 _ 2
my_1 O™ T — T
7/0 [ah — (K( . )ﬂ dz
1 gm
_ 272mi—1
_a?h /O [Wl (KO(

b
h
= et [y (2o -2
o LA 0 h N

The second to last step follows because the bump function Ky has compact support on (—1,1) and
the upper and lower limits of the integral satisfy:

b | 1
E(l—xs):b(g—s+§)>1,
b sy = b — Ly <1
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Therefore, for ||fs(m1) |2 < L? to hold, we need a?b?™ 11, < L2. This leads to

1
L2 2mq1—1
bg( 1 ) 1 (3.43)

a’I,,,

By |
_ (AZ(QM)%_% . (3.44)

Similarly, for s = 0, we have the following.

172113

1
- [ e

0

! ~pmao—1 amz ~ T —Xo ?
:/0 {ah T (K( 5 ))} dx
_/1a2h2m21 o K(E(x_%)) Qdfv
“Jo Oxm2 0 h

1T/3\™ b ’

:~2h2m2—1/0 [(Z) Kémz)(Z(x—xo))] dz

- b3
u:b(r;z’o)/h a252m21/h(1 1)

5 {KémZ)(u)} ’ du
= q2p*m=—1 /1 {Kém2)(u)r du

-1

o

— &262777,2—1]7”2.
Note that in the third last equation, the integral upper and lower limit satisfy:
b, 3 3b
21-Sy>1, -2 <1
bu-3
For the above ||fg(m2)|\% to be less or equal to L3, we need:

~ L2 ﬁ 4L2(K*)2 Tz—l
b < 2 = 20 3.45
<(z2) (samt (349)

O

Combining Lemma 23 with what we required of the function parameters: b > 2 and b> 4h, we then
need the following requirements for the parameter A. Intuitively, the following lemma says that the

functions cannot be too “wavy”, so that they stay within the corresponding balls in Sobolev spaces.

Lemma 24. For b > 2,b > 4h to hold, A needs to satisfy the following constraints with respect to M

and the smoothness constants Ly, L.

A/L; < Ko

- 22m1—1Mm1*% /Iml’

AJLy < K

- 22m2—2\/m'

(3.46)

(3.47)
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Proof of Lemma 24. First, consider function fs; when s > 1. Using the conclusions in Lemma 23 we
need the following,
LY(KG)®

> bzmlfl > 227’77,171'
A2(2M)2m—1], = =

What directly follows is the constraint on A:

AZ < 24m1_Lj]\(j;6;)12_1]m1_ (3.48)
Similarly, for fy, we need
AQ(Q?égﬁz)flez > jEma=l > (4p)2me=1 = 92ma=1p1-2ms
This leads to second constraint on A:
A% < m (3.49)
O

Function Construction Part II. We have defined f ... fj; in Part I, and identified the constraints
between the floating parameters M and A, with respect to given parameters my, msa, L1, Ls and known
constants K§, I, , Im,. In this second part, we define M + 1 bandit problems by defining their reward

functions ¢, s =0...M in the following way:

$0 = fo, (3.50)
¢s:fs+f07 V1 <s< M. (351)

It is obvious that the reward functions satisfy the following conditions. The conditions below are the
Sobolev version. They are necessary for the latter half of this proof. Similar conditions were required
in Locatelli and Carpentier [2018], Hadiji [2019], see below for details.

1. The function ¢ has peak value A/2 and functions ¢,,1 < s < M all have peak value A.

2. The function ¢g € W™22(X, L) and functions ¢5 € W™2(X,Ly),1 < s < M.

3. For s > 1, ¢s(x) = ¢o(x) for x ¢ H,. Also, ¢F —

*— ¢s(z) > 5 when o ¢ H,. Here ¢} =
maxgex ¢s().

RKHS Version of the Proof. We have now defined M + 1 hypothesis functions in two balls in
two different Sobolev spaces. By (i)the norm equivalency between Sobolev seminorm (Lemma 13) and
the RKHS norm; and (ii) the relationships between Bj, L; and Bs, Lo in equation 3.31, the reward
functions also satisfy the following conditions. The conditions below are the RKHS version.

1. The function ¢ has peak value A/2 and functions ¢, 1 < s < M all have peak value A.

2. ¢o € Hy,,, (X, Ba), ¢s € Hy,, (X,B1), for 1 <s < M.

3. Vs > 1, ¢s(z) = ¢o(x) when = ¢ H,. Also, ¢ — ¢5(z) > 5 when z ¢ H,.
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Lower Bounding Cumulative Regret (Proof Sketch). This part shows the cumulative regret of
an algorithm on functions ¢; ... ¢y is lower bounded by a rate that depends reversely on R, if this
algorithm has a regret upper bound of R on reward function ¢o. The proof in the following directly
follows from Hadiji [2019] and relies on Pinsker’s inequality. We write down a proof sketch here for
completeness, readers interested in the full version can refer to Hadiji [2019, Section F|. We use their
notations in this part unless otherwise specified. Those include Ng, (T') which is the number of times
an algorithm selects an action in bin Hy; PT(-) which is the probability distribution of trajectory
{¢,y+ }+=1..7, when the reward function in the bandit setting is defined by ¢;, for 0 < s < M.
Similarly, E¢[-] is the expectation with respect to probability Ps.

By definitions of the reward functions, when the underlying function is ¢4 for some s > 1, the cumu-

lative regret is lower bounded by

Rr s> %(T —Es[Ng (1)) (3.52)

For s = 0, the regret is lower bounded by

M

> Eo[Nu,, ()] (3.53)

s'=1

A

RT,O > 5

Pinsker’s inequality is used to establish a relationship between the two lower bounds defined above.

The equation 3.54 is a core step of the proof.

B[N, (T)] — 7Bo[Ni, (T)] <\ 5 Dice (B, PY). (3.54)

Calculation of KL distance Dk, (-, ) relies on condition 3 of ¢ as, as well as the assumption that the
noise is 1/4-subgaussian. The result is that the KL distance is bounded by the following.

D (P§,PY) = 2Eo [Ny, (T)]A. (3.55)

With the above, a key intermediate result is reiterated below.

M

1 T 1 A-Rro
=N Rpo> A (1-— — /=0 ). .
MSZIRT*—z ( M M ) (3.56)

Recall that our Theorem 22 assumes that sup yeyyms.2(x,1,) Br < R, and since ¢y € W22 (X, Lq), it
follows directly that Ry < R. Therefore, the above inequality becomes

M
1 T 1 A-Rro
- > - _ —_ S
e 38 (15— 25
T 1 |AR
> Zo_y ==
*ZA 2 M

In the last inequality, M > 2 is used. This assumption is not violated, as shown later.

Choosing the Appropriate value for A. Following the above lower bound, we need to choose a
value for A that (i) does not violate any of the requirements (Lemma 24) and (ii) maximizes/tightens

the lower bound. To do so, the value of A should satisfy:
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1. % < %, where i is a constant less than % (chosen in an arbitrary manner).

2. AJL; < % Note that this condition satisfies only half of the requirements in
22mq—1 ™1~ 517%1

Lemma 24. We later show that the other condition in Lemma 24 is also satisfied with the
selected A.

When maximizing A, we first set A/L; ~ % to achieve the optimal trade-off between
22m1_1Mm1_7IT%1

1
L K¢ g
M=|[—120 : (3.57)
227n1—11%1A

since M needs to be an integer. By simplifying the constant term:

M and A. That is, we set

*
A K;

Clm) =(——), (3.58)
22m1*1_[%1

we get a simpler expression of M:

M= {C(ml) LfmllAszlJ . (3.59)

. 2 _
If AR/ (C(ml)Lfml_1 A2M12—1> < 3%, the condition % < 1 would be satisfied, using the fact that

[SIES]

. 2
< |z],Vz > 2. Shuffling some terms, the requirement AR/ (C(ml)Lfmll A2m121) < 55 becomes:

1 2 =2
A< —C(mqp)L7™-TA1-1B

32
2mq+1 C(ml) m% ~
Azmi—1 < TLl IR 1
m 1 m -1
A< (C(;;l)> Pl e
To maximize A, we thereby choose
my—% 1
1 m]— 3
This leads to the final lower bound:
M
37 2 B
s=1
INE AR _TA
=2 2 M |~ 8
my—1/2
my1+1/2 ~_ m]—
- é <C§3n;1)> U e s (3.61)

Verify Assumptions. Last but not least, we have to make sure that the assumptions made through-
out the proof are satisfied, by our choice of A in equation 3.60 and M in equation 3.59.
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2
1. M > 2. By the definition of M in equation 3.59, we need to ensure that C(my) L;™*™" ATT >
2 4+ 1 = 3. Further, plugging in equation 3.60, this becomes the following requirement of Ly:

gmits L~
Ly 2 —5 C(my)~™ %2R~ (3.62)
2. AJLy < ﬁ This is the second requirement in Lemma 24 that has not yet been verified
mo

to hold. For this condition to hold, the following constraint on Lo should be met.

mp—1/2

Ly > C/(ml, mz)lel+1/2 R_ m1t+1/2 (363)

where,

my—1/2
_ C(ml) my+1/2 /Im
c’ 7 — 92m2—2 2 3.64
is a constant (independent of T') that depends on my,ms. In other words, to make sure that the

requirements in Lemma 24 are met, we need in the assumptions the following constraint.

Ly < C'(my,my)~(mH) p+s gma-j (3.65)

We have proved Theorem 22 (Sobolev version).

The constraints on By and By in Theorem 14 are derived from the constraints on L1, Ly in Theorem 22

and setting By, Bs as instructed in equation 3.31. Then the proof of Theorem 14 is also completed. [

3.9.2 Proof of Corollary 16

When d = 1, Matérn kernel with regularity parameter v has Fourier decay rate of 1/—1—% (Definition 15).
The algorithm considered in Corollary 16 thus satisfies the regret upper bound on an RKHS induced

~ ~ ma+3
by a kernel with decay rate mo = vy + % which is R = O(T 2 ). Let mj be an integer larger
than mo. Applying Theorem 14, the lower bound on RKHS of a kernel with Fourier decay rate m; is
1
~— miT3
Q(R ™+2T). For simplicity, we omit the dependence on B (and constant factors) and focus only on

mimg+3my—dmy4+1

the dependence on T'. Plugging in the rate of R, the lower bound then becomes Q(T 2myma+my

Set m1 = v1 + % as the Fourier decay rate of kyatern,,, i Corollary 16. Then, we get the lower bound
vivo+2vo+1
by substituting mo = v + % and m; = vy + %, which is Q(T<V11+21>(2V2;+1> ).

3.9.3 Proof of Theorem 17

UCB-Meta [Liu et al., 2021] achieves minimax regret rate in dependence on T (except log factors)
in Holder spaces with Holder exponent o« > 1. For 0 < a < 1, it reduces to the minimax optimal
continuum-armed bandit algorithm from Auer et al. [2007]. For simplicity, we consider UCB-Meta as
the general algorithm for continuum-armed bandits in Holder spaces. To prove that it is also minimax
optimal over RKHS of certain Matérn kernels, we establish the following embedding of RKHS of
Matérn kernels to Holder spaces, via (i) norm equivalency between RKHS of a Matérn-v kernel and

Sobolev space with order m and (ii) Sobolev embedding theorem that specifies the embedding of
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Sobolev space with order m to Holder space with exponent c. Note that Singh [2021] have shown that
the minimax bandit algorithm over a Besov or Sobolev space is the same as one that is minimax over
the smallest Holder space that the Besov or Sobolev space embeds onto, although not explicitly for
RKHS. For completeness, we still include the following proof. We first state the Sobolev embedding

theorem [Adams and Fournier, 2003, Theorem 5.4].

Theorem 25 (Sobolev embedding theorem [Adams and Fournier, 2003]). Let m be a non-negative
integer. Suppose that the dimension d < p-m and « = m — %. Let Q) be a finite domain with Lipschitz

boundary. Then, the Sobolev space W™P(Q) is embedded onto Hélder space with exponent a:

W™P(Q) C $%(Q). (3.66)

For our problem setting, we set p = 2 and d = 1. The domain X = [0, 1] satisfies the Lipschitz
boundary condition. Therefore, W™ (X) C £*(X) where o = m — . Combining Sobolev embedding
theorem with the norm equivalency between Sobolev space and RKHS (Lemma 12), we have the

following result.

Corollary 26. Suppose that ks : R xR? — R is a positive-definite translation-invariant kernel, whose
Fourier transformation decays polynomially with rate s, s > d/2,s € N. Then, the RKHS Hy, (X) is
d

embedded onto Hélder space X%(X) with exponent o = s — §:

. (X) C S5 (X). (3.67)

The above relationship is also studied in the earlier work of Shekhar and Javidi [2020, Appendix B.1].
Note that Matérn kernels with regularity parameter v have a Fourier decay rate of s = v + %.
Hence, Hpyroporn,, (X) C X(X), for a = v. Therefore, since UCB-Meta achieves on ¥%(X) the re-
gret rate of O(T;Ttrll) [Liu et al., 2021, Equation (19)], it achieves the same rate O(Ti’%rll) on the
subset Hiypaern., (X). Here, we omit the dependence on B, the RKHS norm bound. A function
[ € Hirtarern., (X, B) also has a finite Holder norm || f||ga=-. The norm || f||sv, by definition, poses
an upper bound on L (using the notation from Liu et al. [2021, Definition 1], the Holder-continuity
coefficient of the [-th order derivative of f, where [ is the largest integer strictly less than «. By
Theorem 4 from Liu et al. [2021], we can see that L affects the regret only through a multiplicative
term and not through the exponents of T'. Therefore, we omit the dependence on B and write the
regret rate of UCB-Meta as O(T%)

3.9.4 Proof of Theorem 18

Recall that Theorem 5.3 in Pacchiano et al. [2020b] provides general regret bounds for CORRAL. The
proof of our Theorem 18 is an adaptation to the proof of Theorem 5.3 in Pacchiano et al. [2020Db].
We use the same notations as Pacchiano et al. [2020b] unless otherwise specified. M is the number
of base algorithms (also aligning with the statement in Theorem 18). § is the probability of failure.
U:Rx[0,1] — RT is the cumulative regret function (for a base algorithm), such that U(t,d) is the
high-probability and anytime regret bound of a base algorithm. p is the maximum of reciprocals of
the probability that the base algorithm is chosen by the master algorithm over all time steps. 7 is the

learning rate of the master algorithm whose value is determined later in the proof.
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In Section 3.5.1.1, we discussed briefly SupKernelUCB [Valko et al., 2013] versus GP-UCB Srinivas
et al. [2009]. Despite the convenient implementation and good empirical performance of GP-UCB,
SupKernelUCB matches the non-adaptive lower bound in the dependence on T except log factors
under the RKHS assumption and thus is minimax optimal while GP-UCB is not. UCB-Meta [Liu
et al., 2021] as shown in Theorem 17 is also minimax optimal in the dependence on T except log
factors for the Matérn RKHS setting. For this subsection, however, we use SupKernelUCB as base
algorithms, since the regret bound of SupKernelUCB has an explicit dependence on B, while for
UCB-Meta the dependence on B would rely on an implicit constant (see proof of Theorem 17 in
Appendix 3.9.3). We set d = 1 as specified in Section 3.5.

Given B and v of a Matérn-v kernel, the regret bound of SupKernelUCB is O(B%T%) in the RKHS
of the Matérn kernel [Valko et al., 2013, Theorem 1]. Note that the original SupKernelUCB (i) is for
finite action set and (ii) takes 7" as input and therefore does not have any time regret guarantees. As
mentioned in Section 3.5.1.1, Cai and Scarlett [2021] argue that the aforementioned problem (i) could
be extended to the continuum-armed setting by a discretization argument with an extra O(d(log(T)))
term in the regret. The problem (ii) can be theoretically circumvented by the doubling procedure [Auer
et al., 1995|. Doubling converts an algorithm with (cumulative) regret bound for fixed T' to one with
anytime regret bound, suffering only up to constant factors in the regret. '° Therefore, for theoretical
interest, we treat SupKernelUCB as the minimax optimal base algorithm with anytime regret upper
bound O(BET %2 ),VT.

We acknowledge that this is for theoretical convenience only and it remains an important open prob-

lem [Vakili et al., 2021b] to improve the regret bound of the practical GP-UCB algorithm under RKHS

assumptions.

We plug in U(T,6) = O(B %T%) for the base algorithms for CORRAL. Following the proof of Pac-
chiano et al. [2020b, Theorem 5.3], we have the following. Note that this upper bound holds with
respect to any base algorithm with anytime high-probability regret U(t, ). Therefore, we plug in the
regret of the best base algorithm, which is U(¢,d) = O(B*%t%) because v*, B* belong in the set of
candidate values wu.

M In(T) p ATM
<O(————=+1Tn)-E | —rx — T log(T T MT1
Ry < oM | gy LOMH(T) PUCT.8) 08(T)| + T + 8\ MTlog(*5)
~ M 1 1
< O(? Tn+ 6T +vVM [ (f —po*T2u +1p 2v*trl)]

- M ~ * ¥
O(-+Tn+VMT) - [ (p—\/B*TWTlpZ‘V*H)}
n
o Ayl
Maximizing the above equation over p results in p 7721/*:11 B* v T. If we plug this value for p in
the above equation, then the regret is bounded by:
M *+1
Ry O(7+T77+«/ T)— (77,/*+1B* *+1T nu*+1B*2:*+2T)
< 0L 4 Ty 4 VAT + 97 BT
Ui

For the problem of adapting to kernel regularity (represented by v* when the kernel is a Matérn kernel),

since CORRAL does not have access to v* (and B*), we choose n with respect to the user-specified

16The doubling procedure is also used in other works that use CORRAL to adapt to unknown parameters of the
function space, for example Liu et al. [2021] which studied adaptivity to the Holder exponent.
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parameter v: n =T~ 35T Plugging this choice of 17 back in the above equation, we have:

ov* 42041

Ry < O(MT2V+1 + B* 31, +2T(2u+1)(u*+1>)

Absorbing the dependence on M and B in O, we then have the regret rate in equation 3.19.

3.9.5 Proof of Theorem 21

The proof follows from the general form of regret upper bound of RBBE (Theorem 5.1 from Pacchiano

et al. [2020a]). The regret bound in Theorem 5.1 in Pacchiano et al. [2020a] is expressed with the

“play ratio” } ;. Z((i)), where B denotes the set of misspecified base algorithms, ¢; denotes the last

round before base algorithm ¢ is eliminated, and n;(t) denotes the number of times 4 is selected until
time step t < T In the following part, we use Lemma A.3 in Pacchiano et al. [2020a] to calculate the
play ratio, then plug it in Theorem 5.1 of Pacchiano et al. [2020a] to get the final regret bound. For
reasons why the more straightforward result (Theorem 5.4 in Pacchiano et al. [2020a]) is not used, see

the end of this subsection for an explanation.

In the following, each base algorithm 4 has the following candidate pseudo regret bound (equation (7)
in Pacchiano et al. [2020a]):
Ri(t) < CO;T", (3.68)

where C' > 1 is some term independent of T" or ¢, and 6; > 1 is some parameter dependent on i. For

minimax optimal kernelised bandit algorithms instantiated with v; (parameter of the Matérn kernel),

Bi = Zyljtdd. We write down the general regret bound of RBBE here for completeness (Theorem
5.1 [Pacchiano et al., 2020a]). Below, % denotes any well-specified learner, that is, a leaner whose
actual (pseudo) regret Reg; is upper bounded by its candidate (which means if well-specified) regret

bound R;(T).

M1n(T)
—5 )

: N (t ))+2M+2c2\/nz (t;) In(
i=1 i€B ¢ ieB

+ 2CZ ”i(tf) \/ni(ti) 1n(%m)

We refer to the five terms in the above summation above as #1 ... #5.

The terms #1 + #3 can be bounded the same way as in the proof of Theorem 5.4 in Pacchiano et al.
[2020a]:

M
> Ru(na(ti) + 2M < MR.(T) +2M < O(M0,T).
i=1

The term #4 is bounded also following the proof in Pacchiano et al. [2020a]:

Mln( M In(T
2(:2\/7“ )In(—=—) <2c\/3|1 an

i€B i€B

M In(T)

T1
BT =
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Bounding the term #1 and #5, however, needs changes to the proof of Theorem 5.4 [Pacchiano et al.,
2020al, since the play ratio is involved. Lemma A.3 in Pacchiano et al. [2020a] states that for two base

learners i, j,

Zjig < max { <2ZJ) . (nj(t))%ﬁ*l ,2} . (3.69)

Therefore, the play ratio between a misspecified base learner ¢ and a well-specified leaner * can be
bounded by:

: A .
m(t) § 2+ (20*) n*(t)%*l

<2+ 4C,Bun, (1) 7
< 24 4CyB,n, (t)?P 1

The first inequality above is simply plugging j = * (representing a well-specified learner), and using
that max{z,y} < x + y. For the second inequality, recall that the minimax optimal SupKernelUCB
algorithm has a regret rate (if the kernel parameter v and RKHS norm bound B are known) of
O(VBvyrT) = O(\/ET%) The O notation hides polynomial terms that are dependent on log(T'), d.
Therefore, the parameter 6; in equation 3.68 that depends on the index of the base algorithm ¢ is
0; o< \/B;. Given the assumption that 6; > 1, g—’; < C1v/B, for some constant C;. Since 3; > 1,

1
(2%) . < 4C5 B, for some constant Cs. Also in the last two inequalities, we used 3; > %, that is,

every base algorithm used in Theorem 21 have at least O(T%) regret. Therefore, we have the following

bound on the sum of play ratio:

> ni(t) < 2|B| + 4Co B, | B (n.(t))2#+—Y (3.70)
— . (t)

i€eB

< 2|B| + 4C, B, |B|T A== = 2|B|(1 + 2C, B, T?#-~1) (3.71)

We can plug in equation 3.71 to bound #5 as follows.

/ Mln n;(t; M In(T
\/ (tl Z *t‘)ln 5( )

MIn(T)

< 2c\/ 21B|(1 + 2C5 B, T25-~D)T I

=O(|B|*B.>T")
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Similarly, the upper bound of term #2 relies on equation 3.71 as well.

S PR (1) £ O3 P01
i€B

ieB e (t:) e

n;(t;)
<O Gy

i€B

n(t) (1-8+)
=C (Z l@) B (na(t:))*

n
ieB ¥

(1-8.)
< 00, (2|B|(1 +2C,B, 7% 1)) T
= 0(6,|B|(1=8) B, 18" (28, ~1)(1=B.)+5.)

0(0*|B|(17ﬁ*)B*17ﬁ*T46*+253*1)

Now that the asymptotic rates of the five terms are derived, we can see that term #2 dominates in
the dependence of T' and #5 dominates dependence on |B|, B, and hence, the regret of RBBE can be
bounded as follows.

7 < O(0,|B|2 B, 2 T8+ +26:-1) (3.72)
- . L 2v2tati

— O(0.|B|} B.AT Gt ) (3.73)
N . L 2vitat

= O(0,M3B,3T Grien? ) (3.74)

Finally, the reason for not using the straightforward results in Theorem 5.4 of Pacchiano et al. [2020a]
is as follows. In adaptation to the kernel regularity parameter v, the candidate regret bounds of base
algorithms do not have the same exponent of T. The candidate regret bounds having the same rates of
T is a requirement for the more straightforward results, hence, those results are not directly applicable

to our setting.



Chapter 4

A General “Plug and Play” Framework

for M-estimators in Bandits

This chapter is based on an on-going work conducted jointly with Aarti Singh.

4.1 Introduction

The exploration-exploitation dilemma, as introduced in Chapter 1, is at the core of many bandit op-
timization problems. Through exploration, the algorithm samples different actions to estimate the
unknown reward function. Through exploitation, the algorithm selects actions predicted to have high
rewards to keep the overall performance good. One prominent way to achieve exploration-exploitation
trade-off is through the optimism in the face of uncertainty principle. Algorithms following this princi-
ple maintain an optimistic estimate on the unknown environment and act according to this optimistic
estimation. The upper confidence bound (UCB) algorithm was first formally stated in Lai and Rob-
bins [1985], although its theoretical guarantees were only asymptotic at first. The UCB algorithm
maintains an upper confidence bound on the uncertain environment and selects actions with high up-
per confidence estimate of rewards. This ensures that the algorithm is either choosing actions to learn
about uncertain aspects of the environment (exploration), or exploiting actions that are certain to lead
to good reward (exploitation). The better the confidence estimates are, the better the performance
the learner has. Many works have since followed the guidelines laid out by Lai and Robbins [1985]
and designed UCB-type algorithms with optimal performances for a wide range of parametric models,
including but not limited to linear [Dani et al., 2008, Abbasi-Yadkori et al., 2011], kernelised [Srinivas
et al., 2009, Valko et al., 2013], generalized linear [Filippi et al., 2010, Faury et al., 2020], and even
neural networks [Zhou et al., 2020, Kassraie and Krause, 2022].

The confidence estimates in these works have typically been developed in a case-by-case fashion, with
a specific model and estimator in mind. Confidence sets or confidence sequences (which are confidence
sets that hold simultaneously over all steps) of the linear parameter in linear bandit problems [Abbasi-
Yadkori et al., 2011] were derived analytically based on the close-form expression of the (regularized)

least-square estimator. Similarly for kernelised bandit Srinivas et al. [2009] problems. confidence

58
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interval analysis for logistic (regression) [Faury et al., 2020] bandit was developed specific to the
logistic function and might not be trivially adapted to another function. Lee et al. [2024] proposed
a general confidence sequences framework that derives confidence sets for the target parameter using
likelihood ratio-based PAC-Bayesian approach. However, their scope is within the generalized linear
model. In a separate line of work, for heavy-tail noise setting, Li and Sun [2024], Huang et al. [2023]

studied the performance of the Huber estimator in the bandit and reinforcement learning setting.

Despite the many advances made in prior works for the specific problems considered, some of which
are of independent statistical interest, it remains unclear what analysis and techniques can be effective
in a more general setup beyond the scope of the original work. In this paper, we present a unifying
framework for M-estimators (empirical risk minimizers) in the bandit setting (sequential and non-
ii.d.). We point out that treatment for the finite-sample time-uniform confidence sequences across
different bandit problem settings are essentially two simple steps. The first step is concentration of
the M-estimator based on its influence function (score function). The second step is a general “sub-t)”
framework Howard et al. [2021], Whitehouse et al. [2023b] that can control the deviation of score
function. This framework subsumes all mentioned prior works and provides a unifying lens on the

design of UCB-type algorithms.

In the first step, we draw connection to influence functions. While influence functions are used to
derive asymptotic variance in classical theory for M-estimators, they can be a useful and versatile tool
in characterization of M-estimators behaviors in finite-sample as well. Mathieu et al. [2022] presented
a finite-sample analysis for multivariate M-estimators in d-dimension by deriving a connection between
the tail probability of an M-estimator and the empirical deviation of the influence function, under gen-
eral assumptions on the influence (score) functions. Mathieu et al. [2022]’s analysis assumed the data
are i.i.d samples from a fixed distribution P, and the estimation goal is the mean of the distribution.
Mathieu [2022]’s general main result shows that as long as the deviation of the score function can be
controlled (via assumptions on itself and its derivative), one can obtain finite-sample concentration of
the M-estimator. One may wonder if the same is true for multivariate M-estimator, when the data
are no longer i.i.d., for example in a sequential decision-making setup where the action-selection policy
changes per round. We answer this question positively by extending the main result of Mathieu et al.

[2022] to the non-i.i.d. data and regression setting.

4.2 Problem Setting

Consider the (penalized) M-estimation/empirical risk minimization formulation. Denote a data point
as
Z=(X,Y),

the input X € X € H?, some Hilbert space. The reward Y € ) € R. In the standard non-contexual
bandit set up, at step t, the algorithm chooses action X, and receives a reward Y;. Recall that the

observation model is
Y: = fo- (X¢) + ne,

where 8* € © € R? is the true model parameter unknown to the learner. Denote the sequence of
data collected by the learner at time ¢ as {Z};=1.+ = {(X;,Y:)}i=1..+- Define the filtration F; =
{(Xi,m) i=1..t- We make the standard assumption that E[n; | 7;—1] = 0. Throughout this work,
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we consider deterministic algorithms for which X; is deterministic conditioned on F;_;. Algorithms
based on optimism in face of uncertainty (that is, algorithms using upper confidence bounds) normally
satisfy this condition.

The learner constructs an estimator using some loss function
p: X XY x0O =Ry,

after observing a sequence of data {Z},—1. + = {(X;,Y;) }i=1..t, the learner employs an estimator that is
the solution to the following (penalized) M-estimation problem. The penalty function is p(-) : R¢ — R.

t

0, = argmin J;(f), where the empirical risk .J;(6) 2 Z p (Yi; fo(X5)) + p(0). (4.1)

€O i=1

Note that {Z};s do not have to be i.i.d in our setting, and can be generated sequentially and in a

data-dependent manner. Let:

1. ¢ denote first derivative of p with respect to fp(x).

2. ¢’ denote the second derivative.

We focus on the M-estimation setting where ; can be formulated as the root of:

t

0: Vo (0) = Z o(Yi; fo(Xi))Vafo(Xi) + Vap(0) =0 (4.2)

i=1
The empirical Hessian is as follows.

Hess(J;)(0) = Z {&/ (Y3; fo( X)) Ve fo(Xi)Vofo(X)T + o(Yi, fo(Xi))Vafo(Xi)} + Vop(0).  (4.3)

i=1

4.2.1 Preliminary: Influence Function in Risk Minimization Problems

Let P be a data distribution over (X,Y"). For empirical risk minimization problems, the influence func-
tion typically consists of two parts: an inverse Matrix term where the Matrix corresponds to Hessian of
the risk; and a first-order term that corresponds to the gradient of the risk and is also called the score

function. Below, we illustrate the influence function aligned with our assumptions (equation 4.2).

Consider the regularized risk minimization problem stated below. Also assume that the objective is
continuous and twice-differentiable (a.e.) in #. Let § be the unique solution to:

0 = argmin Ep[p(Z; 0)] + pe(0). (4.4)

9co

Here p; is the penalty function that could depend on the number of data samples . If the second-order
gradient (the Hessian) of the regularized risk, Ep [V2.J(6)], is non-singular, the influence function
with bias of a data point Z = (X,Y) € (X,)) on 0* is given as follows [Avella-Medina, 2017]. To
connect with the formulations for the empirical risk, one can treat P = P, = 3 25:1 8z,. 0 is then the
minimizer of the empirical risk: 6; = é([f’f), and is biased with respect to the true model parameter

0*. We put ~ on top of the influence function to highlight its difference from the canonical influence
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function in classical statistics without regularization (they differ only with a term induced by the
regularization, that is, IF is not zero-mean for 6*). The bias induced by regularization, as we later

show, does not dominate the size of the confidence sequence.

~ ~ ~ ~\—1 ~ ~
IF(Z: P;0) = — (Ep[V3p(2:0)] + Vin(0))  (Vop(Z:0) + Vop(0) (4.5)
W(Z;0)
By setting P = P = %25:1 dz,, the matrix whose inverse appears in equation 4.5 is exactly the

Hessian Hess(J;)(6) multiplied with }. The score function is
V(Z;0) := (Y5 fo(X)) Vo fo(X) + Vop(0).
The sum of 22:1 U (Z;,0) is equal to VyJi(6), the gradient of the empirical risk.

In the following, if A € R?¥9 is a positive-definite matrix. Let || - || o denote the Mahalanobis distance
induced by A: Vv € R?, ||v]|a = VvTAv > 0.

4.3 Methodology: The Plug-and-Play Framework

4.3.1 Overview

As introduced in Section 4.1, while Mathieu [2022] makes a connection between the concentration
of M-estimators and influence functions under the finite-sample setting, the analysis is within mean-
estimation problems with i.i.d. data and the result is for fixed-time only. We show that by extending
the analysis to regression problems, with sequential non-i.i.d data, and obtaining time-uniform result,
this naturally enables a framework to fit M-estimators with bandit algorithms. Specifically, this can
be done with only two steps. The first step connects the tail behavior of an M-estimator with that
of the deviation of the empirical score function. In Section 4.3.3, we present a design principle and
results of this first step. Our framework requires the empirical Hessian of the regularized risk to be

positive-definite within a certain range. Let 6 denote the target parameter. As an overview, we can

connect the deviation of 6 from ; measured in Mahalanobis distance || - ||z, for a positive-definite
matrix H, with the deviation of influence function IF, measured in Mahalanobis distance || - ||z
That is,
¢
10 = 0uller = Vo Je(O) |- = || W(Z5:0)llz-1  (¥(Z;0) defined in equation 4.5). (4.6)
i=1

This requires that the matrix H lower bounds the empirical Hessian in Loewner order in a neighborhood

measured by d. Namely, with probability 1 — §g, the following “good event” is true:
Je, ', d > 0, such that V9 : || — 9|2 < d,Hess(¥) = cH. (4.7)

The details of this step are illustrated in Section 4.3.3. The matrix H is actually a data-dependent

quantity, hence we use H; to represent it in the following subsections.

If, considering a simpler scenario, H is set to be H; = tI;, then this recovers Mathieu [2022]’s result
for i.i.d. and mean estimation setting ||6; — 6| ~ IE; S, W(X;,0)|. Note that this is parallel in spirit
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to the classical asymptotic results v/ (6, — %) ~ % Z§=1 IF(Z;;0*) but with the first-order term. The
inverse Hessian term does not explicitly appear in the result of Mathieu [2022] because their result
is for the mean-estimation setting, where Vg fo(X)Vofo(X)" = I;. However, in bandit problems,
the optimal shape of confidence sequences is typically data-dependent. This is because the degree of
explorations along different directions can vary, hence the uncertainty along these directions should

also be different. In this case one should set H; to be data-dependent.

In the second step (Section 4.3.4), we discuss how to control the deviation of the score function
152, ©(Z;6) ||H;1. Prior work Mathicu [2022] considers only the i.i.d. setting where a ¢3 norm bound
would suffice, and uses classical i.i.d. concentration inequality to control the deviation || Y>'_ W(X;; 0)]|2.
Classical i.i.d. concentration inequalities would fail in the bandit setting, however. In this work, we
discuss which tools can be used to control the deviation in the sequential setting. Specifically, we
discuss how H; and 22:1 U(Z;;60) can be set to satisfy a general “sub-1)” condition. This condition
is tied to a general, unified framework proposed by Howard et al. [2021] to derive time-uniform mar-
tingale concentration inequalities. Whitehouse et al. [2023b] extended the sub-¢) conditions to vector
processes. This framework unites many existing results and improves upon some. In the sub-¢ frame-
work, the function ¢ characterizes the tail behavior of Sy while H; acts as its (conditional) variance

proxy process.

4.3.2 Model Assumptions

Before we introduce our specific model assumptions, note that for the aforementioned sub-v conditions,
H; acts as the variance process of S;. Plugging in the definition for S; = Zf U (Z;,0), H; needs to be
proportional to 2221 Vofo(Xi)Vefo(X:)T+V2p(). Namely, the good event in equation 4.7 translates

to

(' (Y5 f9(Xa)) Vo o (Xi) Voo fo(Xi)T + (Y, fo (X)) V5 fo(X3)) + V2p(¥) =

t
=1

K2

c <Z Vo fo(Xi)Vofo(Xi)T + VQPW)) (4.8)

Note that, typically the sign of ¢ is indefinitive, unlike that of ¢’, and the term with the second-
order gradient of fy(z) is not guaranteed to be positive or PSD. So in order to reason with the above

formulation generally, we need to impose upper bounds on the magnitude of |¢| as well as || V2 fo()]|op-
Throughout the rest of this work, we consider the following setting simplified from 4.2, which still
consolidates various models commonly used in bandits including the following:

1. linear model,

2. kernelised model (including neural tangent kernel),

3. generalized linear model (including logistic regression and Poisson regression models).

We start by assuming a generalized linear mode:

fo(x) = p(x70).
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u(+) : R — R is a univariate function. With this setup, the expressions for gradient and Hessian (equa-
tion 4.3) of the risk become simpler. Concretely, we consider 0, as the root of the following problem.

We use /5 regularization: p(6) = 3|0||3.

b, e Vodi0)=3 p(u(XT0) — Vi) X + 260 = 0. (4.9)

W(Z;;0)

The Hessian of the penalized empirical risk then becomes

Hess: (0 (Z U, (0) + 269) Z O (W(XT0) — V) (X 0)zial + 281, (4.10)

We also make the following assumptions on the input and 6.

B.1 VX cX, |X|:<L.

B.2 VA €O, 0]z < S.

B.3 The empirical Hessian is strictly convex in 6.

With Assumption B.3 and an appropriately large S, 6, € © is the unique and existing solution

to equation 4.9. In particular, under our sequential decision-making setting, we do not assume that
the design matrix >, X; X is positive definite.

4.3.2.1 Assumptions on risk functions

We make the following assumptions about elements in ¥;(6) (following from Mathieu et al. [2022]).
These assumptions facilitate the design principle (essentially guaranteeing equation 4.8) formally stated
in Section 4.3.3.

S.1 ¢(z) : R — R and p(z) : R — R are continuous and differentiable in z a.e..

S.2 p(z) is antisymmetric: ¢(x) = —p(—z), and ¢(0) = 0.

S.3 There exist positive constants ~, r, such that ¢’(z) >~ > 0, V|z| < r.

S.4 There exist positive constants ¢, d,,, such that p'(x) > ¢, > 0, V|z| < d,,.

S.5 The regularization parameter g > 0.
Besides the squared loss, our framework also incorporates other losses such as Huber loss and Catoni’s
loss. Huber loss grows quadratically in a neighborhood around zero, and then linearly outside that

neighborhood. This penalizes input with large absolute values and thus mitigates the influence of

(rare) extreme input value. For Huber loss:
pa(a) = 22112 < 1) + 21(Je] > 1), (4.11)

its derivative g 1 is
epi(z) =21(|z| < 1)+ 1(|z| > 1). (4.12)
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One can easily check that ¢ 1 satisfy Assumption S.3 with vy =1 and r = 1.

Similarly, for Catoni’s [Catoni, 2012] wide score function

2
poa(x) = signalog(1+ o] + 5) (4.13)

satisfies Assumption S.3 with v = 0.8 and r = 1. Catoni’s narrow score function satisfies Assump-
tion S.3 with v = 0.8 and r = 0.5.

The loss functions can be rescaled via a parameter t, demonstrated as follows. The parameter allows
for versatile use of the loss functions. If ¢ satisfies Assumption S.3 with (v, r), then ¢.(x) satisfies
Assumption S.3 with (v, tr).

pe(z) = tm(%). (4.14)

In certain settings, for example, with heavy-tail noise (discussed in Section 4.6), one might need to
vary t, so it might take different values t; in round ¢.

4.3.3 Step I: Deviation of Empirical Risk Minimizers from Influence Func-
tion

As mentioned at the beginning of Section 4.3, to connect the deviation of the M-estimator with
the deviation of the score functions in Mahalanobis distance dependent on matrixH;, H; needs to
lower bound (in Lowener order) the empirical Hessian matrix around a neighborhood of #. For the

M-estimation problem defined in Section 4.3.2; we present the following design principle.

Design Principle 1 (Convexity of the empirical risk). There 3Cy > 0,d > 25 > 0, and sequence of
positive-definite matriz (Hy)e, Hy = /3’Id, such that, the following “good event” is true with probability
at least 1 — 6y, oy > 0:

Yt € [T],V9 : ||6 — ¥||2 < d,Hess(?) = CoH;. (4.15)
Recall that the simplified model we consider (Section 4.3.2) has Hessian:
t
Hess,(60) = 3 @b, (n(X70) — Y)u(X]0)X. X7 + BI..
i=1

Note that for the squared loss, ¢'(x) = 2, so Assumption S.3 is satisfied with r = oo. For general-
ized linear models where p represents the (inverse) link function, Design principle 1 can be satisfied

contingent on fi(x) being lower bounded by a positive constant, details can be found in Section 4.5.

With Design Principle 1, we present the guarantee for this step in Theorem 27.

Theorem 27 (Tail probability of M-estimator and that of influence function). Consider a M-
estimation problem defined in equation 4.9. Suppose Assumptions B.1~B.3 and S.1~S.5 hold for
the risk function and the parameters. Let sequence {H;}i>1 be a sequence that satisfies Design Prin-
ciple 1. Then the tail probability of the M -estimator using data collected by a deterministic bandit
algorithm (Section 4.2) and the tail probability of the empirical score function satisfy the following.
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Let B be a lower bound on Amin(Hy),t € [T]. For a process (A(t))i=1..7, A(t) > 0:

t

> W (Zi;0)

i=1

i (315, 10— 0], > )\(t)) <oy +P|3t: > CoA(t)

H:—1!

<ép+P|3t: + 2\/55 > CoA(t)
N——

bias term

t
D en (u(X]0) ~ Vi) X;
i=1

H?

deviation of unregularized score function

(4.16)

The proof of Theorem 27 is deferred to Appendix 4.8. In equation 4.16, the term that measures de-
viation of the score function || 25:1 U(Z;i;0)| g, -1 contains two elements. The first (and dominating)
element is the deviation of unregularized score function HZle U(Z;; H)HHF1 (where U = Vgp(Z;6),
without the regularization). The second element is a bias term induced by regularization. The assump-
tion that Amin(H:) > 6 is needed to upper bound the bias term. Hence, Design Principle 1 essentially

requires the empirical regularized risk to satisfy a strongly convex curvature condition around 6.

In the second step, we point out that a general framework (the “sub-¢” framework) for time-uniform
martingale concentration can be used to provide high-probability bound on the deviation of unregular-
ized score functions (at least for standard light-tailed noise settings). Together, they offer a unifying

solution for time-uniform confidence sequence for M-estimators.

4.3.4 Step II: Bounding Deviation of Influence Function with Sub-v) Con-
dition

When the target parameter 6 is 6* the underlying model parameter, ¥; — u(XJ60*) becomes the ob-

servation noise 7;. 1, is conditionally zero-mean. When H; satisfy certain conditions, the process

szzl o(u(X]0) — }/i)XiHH’l in equation 4.54 can be formulated as a self-normalized martingale
t

vector process. More specifically, if S°1_, p(u(XT0) — Vi) X; satisty a “sub-¢” tail condition [Howard
et al., 2021, Whitehouse et al., 2023b] with respect to the matrix process Hy, the deviation can be
controlled via existing versatile tools, as explained in Section 4.3.4.1. For this step, we assume that
the observation noise 7 | F;—1 follow a light-tailed distribution, which is standard for bandit problems.

4.3.4.1 Concentration of martingale process and the sub-iy condition

Martingale concentration results are essential tools for theoretical analysis under the sequential decision-
making setting where classical i.i.d. concentration inequalities will no longer suffice. Time-uniform
concentration refers to results that are valid simultaneously for all possible values of sample sizes. In
cases where one needs to maintain a valid confidence set over all ¢, such as for algorithms that follow
the optimism in face of uncertainty principle (put simply, the UCB-type algorithms) in the bandit set-
ting, time-uniform martingale concentration is a particularly important theoretical tool used by many
previous works [Abbasi-Yadkori et al., 2011, Faury et al., 2020, Janz et al., 2024] to obtain confidence

sequences of the unknown model parameter. In short, the martingale dependence frees one from the
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i.i.d. assumption, while the time-uniform aspect frees one from the need to invoke union bound over

all ¢ causing a looser bound (for example in Dani et al. [2008]).

Martingale (vector) concentration tail bounds have largely been developed individually in a case-specific
fashion, the recent work of Howard et al. [2021] presented a unified framework that characterizes a
martingale process by the tail behavior of its increment, and obtain the tail bound as the probability
that the martingale crosses a certain threshold. Using this framework, Howard et al. [2021] provided
a single general algorithm that captures and in some case improves existing martingale inequalities.
The characterization is called the sub-¢) condition. On a high level, it captures how a martingale
process (S;)i>0 grows with respect to some variance proxy process (V;);>0. The function 1(X) itself
behaves like the cumulant generating function (CGF) log E[exp(AAS;)]. In the general master theorem
of Howard et al. [2021], the deviation of S; is controlled by both the ¢(A) function and the variance
proxy of V;. The condition for a vector process (S;); € R? to be sub-1 with a CGF-like function
¥ : [0, Amax) — R, with respect to some variance proxy process (V;); € R*? is as follows [Whitehouse
et al., 2023b]. (Assuming (S;) and (V;) are adapted to some filtration (F%);. )

Vo € ST exp(AMv, Sp) — (A (v, Viv)) < L, Vi. (4.17)

Where (Lg\ ") is a non-negative super-martingale process adapted to (F;);. This general defini-
tion consolidates many tail behaviors, ranging from sub-Poisson to sub-Gamma (equivalent to sub-

Exponential). Some examples of 1 functions include:

1. Sub-Gaussian: ¢¥n(A) = %2

2. Sub-Poisson: ¢p. = e’(p(d‘c)igw‘fl.
AQ

3. Sub-Gamma: Yg c(A) = 2(1—cN) "

What rises most often in the bandit setting is not exactly the quantity ||S||, but the “self-normalized”
process [|S¢|ly,-1. While S; itself is a martingale, the self-normalized process |S¢||y,-1 is often not.
This poses additional technical difficulties in controlling the latter quantity. Recently, Whitehouse
et al. [2023b] extended the general framework of Howard et al. [2021] to self-normalized process in
vector spaces in R?. By the general sub-1/ definition for vector processes introduced by Whitehouse
et al. [2023b], 2221 ;X is sub-Gaussian with variance proxy Z:f:l X X+ BI,; (as appeared in linear
bandits with ridge estimator Abbasi-Yadkori et al. [2011]).

Although previously in the sequential decision-making community, Abbasi-Yadkori et al. [2011], Faury
et al. [2020] have developed self-normalizing concentration for S; = Zf.:l 1; X; where 7; are condition-
ally sub-Gaussian, and Janz et al. [2024] has studied where 7); are conditionally sub-Exponential, the
sub-1 framework is by far the most general and versatile as it directly captures the growth of S; with

respect to the variance process V.

4.3.4.2 Bounding the deviation under light-tailed setting

Tying it back to our framework, when the tail behavior of p(u(XT70) —Y) is light-tail, one can directly
use results from the sub-¢ framework to control the “self-normalized” process ||¥(Z;; 0)|| gt Inorder
to do so, H; needs to grow at least proportionally to the variance proxy of the sum of the score

functions. To formalize this method, we present design principle for the second step below.
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Design Principle 2 (Sub-¢ relation between score function and the Hessian). There exists (Hy):

satisfying Design Principle 1, such that (St, Vi) is sub-¢p with a CGF-like 1) function (ezamples include
qu; wp,c and ,(/}G,C)7 and :

As long as such a sub-1 relationship exi sts, one can control the deviation of

t

> e(u(XT0) - Yi)X;
=1

)

H !

and thus the deviation of the M-estimator.

4.3.4.3 Treatment for heavy tail

In situations where the noise 7 follows a conditionally heavy-tail distribution, Design Principle 2 is
not satisfied directly, and one cannot directly apply the sub-1) vector process concentration results to
control the deviation of the self-normalized process. On a high level, this is because the parameters t;
that satisfy Design Principle 1 with appropriate H; have possibly large (growing sub-linearly with T")
magnitude of () (defined in Section 4.3.2.1), even if 1 (1) is bounded or grows slowly. In Section 4.6,
we discuss the heavy-tail noise case in more detail and treatments for this case designed by prior works

original for Huber estimator in bandit setup.

4.3.5 Summary

Under the simple two-step framework, if there is a time-uniform upper bound (;(4) on the “self-
normalized” process such that with probability at least 1—4, for all ¢, the deviation of the score function

is bounded as in HZle o(p(XT0) — YZ-)XiHH_1 < (:(6), we can obtain a time-uniform confidence
sequence of the M-estimator. Combining with the first step, Theorem 27, then with probability at
least 1 — &z — &, the deviation of M-estimator || — ;| z, is upper bounded by Cio (Ct(é) + 2\/55).

In the subsequent sections, we demonstrate that our framework subsumes various settings where UCB-
type algorithms use M-estimators to model the reward. In each setting, we show that the design

principles are satisfied with appropriate H;.

4.4 Case Study: Linear and Kernelised Model

We consider the following linear reward model, parametrized by linear parameter 6 € R%.

We also make the standard assumption that the noises are conditionally zero-mean and sub-Gaussian
with constant parameter o%: n; | F;_1 € SG(0?),0 > 0 [Dani et al., 2008, Abbasi-Yadkori et al., 2011].
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The linear estimator is recovered by setting p(x) = x in 4.9. For a (penalized) M-estimator with loss

function p, the empirical risk, its gradient and Hessian are as follows.

¢
Ti(0) = p(Y; — XT0) + 5]9]3, (4.18)
i=1
¢
VoJ:(0 Z (XT0—Y;)X; + 266, (using Assumption S.2) (4.19)
o
Hess, (6 Z (XT0 - V)X, XT + 261, (4.20)

4.4.1 Ridge Linear Least-Square

Recall that the linear UCB algorithm [Dani et al., 2008, Abbasi-Yadkori et al., 2011] selects the action
that has the largest projected linear reward among all € in a valid confidence ellipsoid

Co={0: 110 = 0llm, < G(8)},

for some confidence width (;(J). Because of its convenient ellipsoid shape, the confidence set induces

a clean form for the upper confidence bound of reward given an action z in the linear case:
t
UCBy(2) = 270, + \/Gl|z] o+ where Ay = X;X] + BI,. (4.21)
i=1

0, is the ridge linear least-square estimator. This penalized M-estimator is obtained when we set the

loss function p(z) = 2% with /5 penalty. For the least-square estimator,

t
Vo (0) = =23 (Vi — XT0)X; + 20, (4.22)
i=1
t
Hess; (0) =2~ X; X[ + 281, = 251, (4.23)
=1

Since Hess;(0) does not depend on 6, so

t
Hy=7) XX] +pla,

=1

satisfy that Hess;(0) = 2H,; deterministically, V0. H; satisfies Design principle 1 with éy = 0 and
Cy = 2. Theorem 27 then gives

t
P(3t: 10 Bullm, 2 A0) <P [ 3210 (X0 - Vi) Xill o +2VBS 2 20(0) | (424)

self-normalized

The righthand side can be controlled whenever the tail behavior of the residual Y; — X6 can be
controlled. If §# = 0* the groudtruth parameter for which Y; = XJ6* + n; where 7; is the zero-mean
noise variable, the above self-normalized term is simply || Zle 7: X | ot
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Given that the noise is conditionally zero-mean, and that the action X; of UCB algorithm is determin-
istic when conditioned on F;_1, this quantity S; = 2221 1;X; is a martingale process. When the noise
are conditionally sub-Gaussian, S; = 22:1 n; X; is sub-ty with V; = 0?37 | X; X[ (and consequently
with V; + BId) [Whitehouse et al., 2023a]. Hence, the result of Whitehouse et al. [2023a] gives that

(2)

Note that Theorem 2 in the earlier work on UCB algorithm for linear bandit, Abbasi-Yadkori et al.

P | 3t, > O(+/loglog(1 + tL2/B) + dlog(1 +tL2/B)) | <. (4.25)

H!

[2011], also provide a result under the specific sub-Gaussian case. A comparison of the two results can
be found in Section 4 of Whitehouse et al. [2023a]. We provide a simple summary in Section 4.9.1 for

completeness.

To conclude, our framework recovers the high-probability confidence sequence width: [|0* — 6|z, <
O(\/m +2+/8S). This confidence width is known to yield the regret upper bound O(d\/T), which
is optimal in its dependence on t and d for the standard continuum-armed linear setting. As translating
the confidence set to the regret upper bound follows standard arguments in literature [Srinivas et al.,

2009] and is not our focus, we omit the details here.

4.4.2 Kernelised Model

The kernelised model can be seen as a transformation of the linear model from the original input
space to a Kernel Reproducing Hilbert Space (RKHS), also commonly known as the kernel trick. The
transformation is defined by a bivariate kernel function k£ : X x X — R that is positive semidefinite
(which implies symmetry). The following result states that there is an unique RKHS induced by the
kernel function.

Theorem 28 (Theorem 12.11 [Wainwright, 2019]). Given any such kernel function k, there is a unique
Hilbert space Hy, in which the kernel satisfies the reproducing property. This space is known as the

reproducing kernel Hilbert space associated with K.

The kernel function also defines a feature mapping for the input. Take some function ® : X — (?(N)
which is a function between the original input domain to a square-summable space possibly of infinite

dimension. The feature map defined by the kernel is  — ®(z), where
k(z,2') = (@(x), @(')).
For all f € H, the reproducing property states f(x) = (f, ®(x))y,Vf € H. Hence, the linear relation-

ship now exists between f and the feature map of x. Assumption B.2 in the RKHS setting assumes
that the reward functions inside a RKHS ball with finite (constant) radius.

feHun 2{f feHmlfle <B) (4.26)

We assume that the reward is a noisy observation of f*(z), for input  and an underlying function
unknown to the learner:
Y = f(X¢) +n, f*€Hep.
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The Mahalanobis distance deviation of the M-estimator parallel to the linear case, except in the RKHS,

is of form ||f — filla, = \/(f — fo, Hy(f — ft)>H, where the inner product is now the inner product in
the RKHS: (,-)%. The kernel ridge estimator can be seen as an extension of the linear ridge least-

square estimator(Section 4.4.1), except with the feature map ®(x) instead of x, and f € H instead of
0 € RY (Section 4.4.2.2).

4.4.2.1 The GP-UCB Algorithm Uses Confidence Ellipsoid Sequence in RKHS

We will see that the GP-UCB [Srinivas et al., 2009] algorithm is exactly performing the linear UCB
algorithm (4.21) using the confidence ellipsoid on 6*, but in the RKHS where f* € Hy, p.

In RKHS, the ellipsoid-shaped confidence set for f is

Colf) = {f : If = Fllreme < G(0)} (4.27)

for some width (;(4), then resulting upper confidence bound will be:

t
UCBiermert(#) = (fo, ®(@))3 + VGl @(@) ] 415 where Ay =) ®(X,)®(X,)T + Sidy.
=1

idy : H — H is identity mapping in the RKHS. The optimal GP-UCB algorithm in Srinivas et al.
[2009] is essentially using this confidence ellipsoid in RKHS to calculate upper confidence bounds on
the rewards. Whitehouse et al. [2023a] had already made such a point that the GP-UCB algorithm
is leveraging the confidence ellipsoid in the RKHS, but for clarity and completeness we prove this in
Section 4.9.2. This motivates us to focus on the confidence ellisoid in form of || f — fi||m,, as recovering
the correct confidence width should suffice to recover the regret performance for GP-UCB [Srinivas
et al., 2009].

4.4.2.2 Our Framework for M-estimator in Kernel Reproducing Hilbert Space

The kernel ridge estimator is an M-estimator in the RKHS. Namely, ft is the solution to VJ;(f) =0

where:

V() =2 ((f,®(X:))a — Vi) ®(X;) + 28, (4.28)
i=1
Hess;(f) =2 ®(X;)®(X;)T + 2Bidy, (4.29)

In particular, observe that the Hessian, now an operator in the RKHS, is still positive-definite (As-

sumption B.3 satisfied). Specifically,

t t
2
Vg € H, (g, Hessy(f)g)y = <g,2<2 O(X:)g(Xi) + ﬁg)> =2 g(X:)* + Bliglln > 0.
i=1 H i=1
Hence, kernel ridge estimator under the kernelised setting is in essence the same as the linear ridge
estimator. For completeness, we state the following in entirety. Specifically, H; can be set to the

RKHS operator
t

Hy = &(X;)®(X;)T + Bidy,

i=1
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so for any f, Hess;(f) = 2H; deterministically, and Design Principle 1 is satisfied with éy = 0,Cy = 2.
Then, we have from Theorem 27

P(3t: IS = fillmwe = M) <P <3t 20X = Y R(Xo} |+ 2/6B > 2A<t>> :

Where H, ! is the inverse operator of H,. When f = f*, the residual term is simply

¢ -1/2 ¢ 4
(Z D(X;)0(X;)T + ﬁidw> {Z m@(Xz-)}

H

The self-normalized sub-1y martingale concentration results in RKHS that can be directly plugged
into our framework was provided by Whitehouse et al. [2023a]. Specifically, Their Corollary 1 gives the
following bound. Let ~;(8) denote the maximum information gain [Srinivas et al., 2009, Valko et al.,
2013]. With probability at least 1 — 4, for all ¢ > 0,

¢ “1/2
(; P(X;)P(Xi)T + ﬁidﬂ> {;mfb(&)} < a\/2 log (; det (It + ;Kt)> < O(JA7).
- B H
(4.30)

The last inequality was by the definition of ;.

Putting it together, our framework recovers the width for the confidence sequence ||f* — fillm, 2 <

(5(\/% + 2y/BB). Treating B as a constant, this is known (by standard argument analogous to the
linear case [Srinivas et al., 2009]) to yield a O(y7V/T) regret bound for the RKHS setting.

4.4.2.3 A connection to Neural Networks via Neural Tangent Kernel

As discussed in Section 3.1, Neural Tangent Kernel [Arora et al., 2019, Lee et al., 2019, Chen and
Xu, 2020, Vakili et al., 2021a] literature attempts to analyze the behavior of neural networks fan(6).
For example, a sufficiently-wide, overparametrized neural networks trained by gradient descent with
infinitesimal step size can be approximated by a kernel regression predictor with a deterministic kernel,
the Neural Tangent Kernel(NTK). In particular, recall that the NTK as a kernel has the following

definition by feature map:

1
kntk (7, 2") = E(V@fNN(x; 00), Vofun(z;6p)) for sufficiently large m. (4.31)

Where the corresponding feature map of the NTK is 7k (z) = \/%VefNN (x;6p).

The expression of NTK is defined in a recursive way dependent on the network structure, but there
were efforts to capture their complexity or smoothness (hence relating to yr for the NTK) in a more
traditional statistical sense. For example, Vakili et al. [2021a] argue that the NTK of certain wide, fully-
connected networks with ReL.U-type activation function is isomorphic with a Matérn-v kernel [Matern
et al., 1960] with parameter v = 1/2, which is the roughest inside the Matérn kernel family. Although it
is commonly acknowledged that the NTK representation does not fully capture the network behavior,
as in practice the network training dynamics often are able to escape the linear regime, the NTK is a

step toward approximating and understanding the behavior of large neural networks.
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Our framework work for kernelised model when the kernel is an NTK as well. In the NTK realm,
the recovered confidence width is VINTK,T where ynTk, 7 is the maximum information gain for the
neural tangent kernel. Kassraie and Krause [2022] obtains ynTk,7 = @(Td%l) for fully-connected
ReLU neural networks. d is the dimension of the (original) input space X € RY. We refer interested
readers to Whitehouse et al. [2023a], Lattimore [2023] for further insights on the regret bounds for
NTK bandit problems.

4.5 Case Study: Generalized Linear Models

Generalized linear models (GLMs) also received lots of attention in the bandit setting [Filippi et al.,
2010, Abeille et al., 2021, Li et al., 2017, Lee et al., 2024]. Through a link function that can take various
non-linear forms, GLMs can represent more complex functions than linear. In GLM regression, E[Y | X]
belongs 1-dimensional exponential family with parameter XT76*. Specifically, ¥ has the following

likelihood:
YXT0* —m(XT70*)

v(n)

for some functions v, c and a scalar parameter n. Here, m(-) is a twice-differentiable function. Under

P(Y | X,0") =exp ( +c(Y, n)) ) (4.32)

different definitions of m(-), P(Y | X76*) corresponds to different distributions under the exponential

family. u(-) = m(-) is called the (inverse) link function, it also satisfies that
E[Y | X] =m(X70") = u(XT70%), Var(Y | X)=m(XT0") = n(X76%).
Below are two examples of GLMs that are commonly used and studied in bandit optimization. We

will focus on these two models in the subsequent parts.

Logistic model. m(z) = log(l + exp(z)): Y | X follows a Bernoulli distribution with parameter
(w(XT6%), where pu(x) = exp(—a) + 17", This corresponds to the logistic regression model. Y
takes value in {0, 1} and the model predicts ¥ = 1 whenever P(Y = 1| X) = u(XT76*) > 0.5.

Poisson model. m(z) = exp(z): Y| X follows a Poisson distribution with parameter p = exp(XT76*).!
E[Y | X] = p = exp(XT76*). This corresponds to the Poisson regression model which is often used
to model count data. In this case, P(Y | X) x exp(Y XT0* —exp(XT70*)) and Y € {0,1,...}.

The log likelihood following equation 4.32 is:

g (9) =3 | Iy (433)
i=1
= ﬁ 2": [Y; X0 — m(X]0)] + constant (4.34)
x i Y:XT0 —m(X]0)]. (4.35)

INote that here p denotes the Poisson parameter and not the deviation variable A in our main proof.
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For GLMs, the MLE estimator that minimizes the (regularized) negative log-likelihood is typically

used. In other words, the empirical risk can be written as

¢
Je(6) =Y (m(XT0) — Yi(X]6)) + 5|6]|2. (4.36)
i=1
Consequently, the gradient of the empirical risk and the Hessian are as follows. We see that they
conform to the formulations in equation 4.9, where ¢(z) = z simply and p is the (inverse) link
function in the GLM.

n

VI(0) = D Xi (n(X]0) = Y7) + 260, (4.37)
Hess(J;)(0) = i,u(XiTG)XiXZT + 281, (4.38)

Note that ¢(z) = x naturally satisfies Assumption S.3 with » = co. Since the magnitudes of both
the action and the parameter are bounded, that is, | X|| < L (Assumption B.1) and ||0] < S (As-
sumption B.2). If p satisfy Assumption S.4 with ¢, > 0,d,, > LS, then /1(«76) is lower bounded by a
positive constant c,, Vo € X,0 € ©. This then becomes the same common assumption made for the
derivative of the link function in prior works on GLM bandits [Filippi et al., 2010, Faury et al., 2020]
is

o -
Cu 96(3)?56;( a(x76) > 0. (4.39)

The logistic and Poisson models discussed above satisfy this assumption with ¢, > 0.

4.5.1 Connection with Deviation of Score Function

For GLMs (equation 4.36), let us choose the matrix H; to be
Ht,min =Cpu ZXZXJ + ﬂId
i=1

Then, Design Principle 1 is satisfied with gy = 0 and Cy = 1 and d = 2S. Also, note that the
observation model in the GLM also satisfy the following.

Y = u(XT0%) +n, (4.40)

Where 7 is the (conditionally) zero-mean residual. Theorem 27 then gives (here, we abbreviate H; min

to Hpin for conciseness):

t
P (at, 16 — Ollsr,... > )\(t)) <P |3t: |3 (u(X]T0) - V)X, +2/BS > CoA(t) (4.41)
=1 Hoi
t
=P 3t: > nX; +2¢/BS > CoA(t) (4.42)
i=1 H-L

Therefore, next we analyze the tail behavior of 7, | F;_1 in order to make use of the sub-¢) martingale

vector concentration result (Section 4.3.4.1).
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4.5.2 Bounding the Deviation of the Score Function

Sub-1 behavior of residual in Poisson model

Recall that in the Poisson model, Y | X follows a Poisson distribution with parameter p = exp(X76*).
And E[Y | X] =p = exp(XT6%).

Lemma 29. Consider the noise n, = Y; — u(X[6*) in Poisson bandit model. Let

t

i=1
Then Sy is sub-Poisson [Whitehouse et al., 2023b] with ¥p . with cumulative variance process

t t t
Vi=> B, 1ASAST =Y X XTE 1[nf] = a(X70%) X, X].

i=1 i=1 i=1

The sub-Poisson parameter ¢ is ¢ = L.

The proof of Lemma 29 is deferred to Section 4.9.4.

Sub-1 behavior of residual in Logistic model

Recall that in the logisitc model, Y takes value in {0,1}. And Y = 1 whenever P(Y = 1| X) =
p(XT6*) > 0.5. In this case, the residual 7 takes value in {—p,1 — p}, where p = piogistic(XT0%).
Therefore, conditioned on F;_1, the norm of AS; is bounded as || X¢||2 < L. Bounded variables are
easier to analyze: by also noting that E;_1[n:X:] = 04, we can directly call on the second example
for sub-1) vector processes in Whitehouse et al. [2023b] and show that S; = 22:1 1, X; is sub-¢) with
respect to variance proxy process V; = Y0_ ;1 2] X, XT = Si_ | u(XT0*)X; X], with 1 being the

sub-Poisson 1 function: 1p.. For this model, the sub-Poisson parameter is ¢ = L.

Now we have established the sub-1 relationship between S; and V;. Note that V; equals the unregu-
larized part of Hess;(6*). And we also have

Vi = Hessi(0") <= — Hpin-

LI

This means the GLMs we consider also satisfy Design Principle 2. We re-state the result for time-
uniform self-normalized concentration of sub-Gamma vector martingale below. Note that, sub-¢p.
naturally implies sub-Gamma (sub-1¢ ) relation. Using the specific sub-Poisson condition gives one a
tighter bound (in constants), but there lack a close-form expression for the upper bound corresponding
to ¥p.. For simplicity, we invoke the result corresponding to sub-tg . here, and refer readers who
are interested in the comparison between 1 p . and 1¢¢ . rates to the Appendix D of Whitehouse et al.
[2023D].

Theorem 30. From Whitehouse et al. [2023b] verbatim. For g . process Sy with variance prozy Vi,

I1Sellv; -+ =O(/loglog(Amax (V2)) + dlog s(Vy) + %(V) [log log(Amax (V7)) + dlog #(V2)])
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To apply this result to our setup, we first need to analyse the eigenvalues of the variance proxy V;.

Let C' = max, g (1(z76) denote the upper bound of /i, The maximum eigenvalue is bounded by

t

Amax (Y A(XTO)XXT) < Amasc((XT07) X, XT)

i=1
<tCL?.
Due to the sequential and non-iid natrual of action sequence in the bandit setting, for the minimum

eigenvalue we have A\pin(V;) > 0. Then, Theorem 30 gives the following result.

Theorem 31. Recall that Hess:(0*) = 22:1 (XT0*) X XT+251,. For Logistic and Poisson models,
with high probability 1 — &, for all t > 0:

t
1D~ 15X s lttess, o)1 = O(dlog(t)). (4.43)
s=1

4.5.3 Conclusion

Note that, since Hess;(6*) < CQHt,min, hence
w

t ~ ¢
| C
”ZnsXanmhﬁl < ;HZWSXSHHesst(e*)*l-
s=1 H

s=1

Combining the above with our previous analysis in equation 4.42 then yields that with high probability
1—-46, forall £ > 0:

16 = 01l 1, = o(ﬁdbg@ +V/BS).
"

It then follows directly from Hpin > ¢, Vi, Vi=>" leXiT + 281, that:

. 1 R Ve
16 = Bellv, < — 110 = Oull s = O(leog(t) +/BS) (4.44)
w

m

Note that in the confidence sequence width above we retain the term c,. In literature of GLM bandits,
i is also commonly referred to as k. Arguments were made that x, although a T-independent
constant, could be large for some models such as the logistic model. Prior work such as Faury et al.
[2020] make efforts to improve the dependence on « in the confidence width and consequently the
cumulative regret. In our current work, however, we focus on presenting the unifying framework
related to influence function, and defer the improvement related to s as future work. We anticipate,
based on Ostrovskii and Bach [2021], that self-concordance assumption should be able to improve the

proof of Theorem 27, if one swaps out the step that uses the mean-value theorem.

4.6 Case Study: Heavy-tail Noise

When the noise have heavy-tail (symmetric) distribution, for example, when n:|F;_1 satisfies E[n;|F;—1] =

0 and Var(n; | F;_1) = o2, the two design principles are not directly satisfied, bounding the deviation
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of the M-estimator becomes more complicated. Although not the main focus for our current scope, we
look at solutions to the heavy-tail case from existing literature for linear models and how they relate

to our framework. This subsection provides a high-level, heuristic discussion.

In face of heavy-tail noises, one can use robust losses such as Catoni’s [Catoni, 2012] or Huber loss [Hu-
ber, 1992], where the parameter r < oo can be chosen by the leaner (equation 4.14). For the heavy-tail
noise, there are (technical) distinctions between non-adaptive (and i.i.d.) setting and adaptive settings

such as bandit optimization:

1. In the setting where actions are drawn from the same, non-degenerate distribution X, Apin (X) >
0, the design matrix 2521 X, X/ grows linearly with ¢ (its minimal eigenvalue ~ tAnin(X)). In
this case, it would suffice to keep the loss parameter t; same across different values of i. Consider
a H; for the linear model that is proportional to 25:1 X, X+ BId. As long as r; = O(0), one
can directly use matrix Hoeffding-style concentration inequality [Tropp et al., 2015] to guarantee
Design Principle 1 is satisfied with fail probability ¢y proportional to exp(—t). Hence, after
an order of log(7T') rounds, §y can be upper bounded by a small constant.? This reduces to the
conclusion of Mathieu [2022] under the pure i.i.d. and mean-estimation setting (where fo(X) = 6)

and when noises have bounded variance.

2. In fully adaptive bandit setting where actions are selected sequentially and in a data-dependent
fashion, the distribution of 2221 X;X] can be quite arbitrary, growing at different levels in
different directions (effect of exploration and exploitation trade-off). At the worst-case, the
minimal eigenvalue of 22:1 X, X grows at a constant rate rather than linearly. Here, matrix
Hoeffding-style concentration cannot be directly applied to reach a desired bound on 5. Instead,
one must carefully design t;, such that the good event still happens with a large probability but
without the magnitude of r having an undesirable dependence on 7. A dynamic scheme for
setting t; proposed in Li and Sun [2024], Huang et al. [2023] can satisfy our design principle with
constant dy for this setting. Below, we examine how the dynamic parameters can satisfy Design
Principle 1.

4.6.1 Data-dependent Loss Function Parameter Satisfies Design Principle 1

In this subsection, we examine how setting a dynamic loss parameter [Li and Sun, 2024, Huang
et al., 2023] can be used to satisfy Design Principle 1, given that the loss function also satisfies our
Assumption S.3. If the loss function p(-) satisfies Assumption S.3, the Hessian of the unregularized
empirical risk satisfies:
t t
> G (XT0 - Y)XiXT =y > 1(XT0 - V| < vr) X, XT.
i=1

=1

In order for the Huber estimator to have a finite-sample optimal theoretical guarantee in the i.i.d.
regression setting, Sun et al. [2017] set the Huber estimator parameter to be adaptive to the sample
size. Li and Sun [2023], Huang et al. [2023] extend the method of Sun et al. [2017] to the bandit setting
and design a dynamic, data-dependent scheme to set v; for the Huber estimator.

2Mathieu et al. [2022] made a similar conclusion for a simpler, finite-armed bandit setting, where a forced exploration
phase of Q(log(T)) is needed.
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On a high level, the dynamic radius parameter r; is set proportional to the reciprocal of
| Xl L A dynamic scaling is placed such that the unregularized Hessian matrix now becomes
o

t XT0-Yi\x, x; T
>ict /w(T)chT

of Algorithm 1 in Li and Sun [2024]). Intuitively, this regularizes the weight of X; = f—f among the

. & Is a data-dependent scaling factor of round ¢ (for details, refer to line 5

new design matrix 22:1 X;. Absent this scaling, the analysis would require controlling the probability
that absolute values of the residuals stay below t; for all rounds, which would inflate the confidence

width by an undesirable i. The dynamic loss parameter then essentially sets

1+ w?
=T >—, Wwhere w;
wi

With the above alterations to the estimator, Design Principle 1 is satisfied for d = 2.5 (Section 4.3.2),
Co = % and H; = Zle X; X; for the Huber loss. tj is set proportional to v/d as shown in Lemma C.1
of Huang et al. [2023]. The results in Huang et al. [2023] are for the Huber estimator only, and hence
the above mentioned constants (such as Cy = %) are hard-coded. However, the analysis essentially
uses the property of ¢g 1, that it satisfies Assumption S.3 with v =1 and r = 1. Thus, it is reasonable
to expect that for future efforts, it can be extended to other losses in a straightforward fashion. For
example, Ycatoni’s narrow,1 Satisfies Assumption S.3 with v = 0.8 and r = 0.5. For different values of

and r, tg should simply be multiplied with % and the value of Cy should change with ~.

If the Design Principle 1 is satisfied for H; = Zzzl X, X;, Theorem 27 then gives

t
. XT0* —Y;\ -
P (Elt 60— 0|, > A(t)) <P |3t e (g) Kill - +2v/BS > Co(y)A(®) | - (4.46)
i=1 ¢

self-normalized

Remark: the prior work Li and Sun [2024] offer an analysis similar to our Theorem 27 in the proof of
their Theorem 2.1.While the proof techniques are similar, their focus is on the specific setting of Huber
regression for heavy-tailed rewards in bandit and RL. Our result, developed independently from Math-
ieu [2022], focuses on the unifying analysis and offers a more comprehensive study that ties together
confidence analysis across various models and estimators under a common set of conditions. The con-
nection we establish with the general sub-1 conditions provided by our framework (Section 4.3.4) also
eliminates the need to union bound over T while controlling the deviation. This should improve upon

the result of Li and Sun [2024], see discussion in Section 4.6.2.

4.6.2 Bounding Martingale Vector Process with Heavy-Tail Noise

The self-normalized quantity in equation 4.46 can be written as follows, where 7; = %,
t t t _
X[0-Yi ¢ _ 7
> e (F—)X; = > e (i) X = Zth(;)Xi
i=1 g’L H;l i=1 H;l i=1 3 H;l

Consider a concrete example of heavy-tailed noise, where 7; has bounded second moment only. The

sub-7) conditions are not directly satisfied — the magnitude of v; = vo,/(1 + ﬁ) could be as large
t
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as O(v/t). However, with the data-dependent loss parameters, there exists a solution (albeit more
complex) for the heavy-tail case. Below, we summarize on a high level the core techniques from [Li
and Sun, 2024, Huang et al., 2023] for bounding the self-normalized process for heavy-tail noise. We
also point out that connecting to the sub-i framework should be able to remove a Olog(T) factor

caused by the union bound.

_, can be decomposed into two sums. The two
t

In particular, they show that Hz;l tigol(%)Xi

terms can then be bounded individually (they satisfy the sub-1) condition). This is because although
the magnitude of r; could be as large as (’)(\/f) in the worst case, it also interacts with X; and H;.
Specifically, let S; = 22:1 tigol(?—)Xi. Then,

7
K2

2 2 ul T
el rr = ISl + 20001 GOl + el () (4.47)
N—_——
#1 #2

An informal derivation for this part is deferred to Section 4.9.3. Bounding the two sums rely on similar
technical tools, so we focus the upcoming discussion on the sum of the first term as an example.
Specifically, consider bounding the sum of ZE:l togol(%). Assume that ¢ is bounded. The random
variable @1(2—) has (conditioned on F;_1) mean 0, and an upper bound of its variance is proportional
to %2 Prior works use fixed-time Freedman’s inequality to bound the summation. However fixed-time
Freedman’s inequality does not yield time-uniform results and needs to be followed by a union bound
over t € [T] for the bandit setting. This union bound results in a factor of log(§). We expect that

this can be avoided by using the sub-1 conditions, and provide a sketch below.

For a process (S;, V;) where S; = 3'_, 901(%) and V; = ©(Y'_, 02), it is trivial to see that they satisfy
a sub-1) relationship, where ¢ = ¥ p —; is the sub-Poisson function. (A variant of Design Principle 1 is
satisfied, in other words.) Hence, Theorem 1(b) of Howard et al. [2021] gives a time-uniform freeman-
style martingale concentration of S, that, with high probability 1 — 6,

5 ~ 1 1 1

For linear bandits, the cumulative variance V, = O( , by the elliptical potential lemma.

dlog(1+ %)

T)
Compared to the results from fixed-time Freedman-style inequality, equation 4.48 is better by a factor
of O(log(t)). Sum of the second term can be bounded using similar techniques. Although the mean of
Nt
Tt

the second term E[p?(2t)] is greater than 0, making the sum a submartingale, the submartingale can

be decomposed into a martingale and a predictable increasing component (the sum of the mean).

4.7 Discussion

In this work, we draw inspiration from the use of influence functions on analyzing the behavior of M-
estimators. By extending the analysis to the bandit setting and employing an existing general solution
for martingale process tail bounds, we present a framework that shows a general and natural way to
analyze UCB-type bandit algorithms with M estimators. Our findings offer a unifying lens that ties
together various settings (linear, kernelised, and generalized linear models, heavy-tailed noise) from

the literature that were previously studied case by case.
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An interesting future direction on top of our work is to bring theoretical insights to empirical ex-
periments. The empirical study of Koh and Liang [2017] approximate influence functions for neural
networks and use it for several downstream tasks such as understanding model behaviors and adver-
sarial training even if the theoretical assumptions about model differentiability and convexity were
violated. Inspired by their work, it will be of practical interest to see whether influence functions can

be computed and used to guide bandit algorithms under various problem structures.

4.8 Proof of Theorem 27

Proof. The proof of Theorem 27 is mostly inspired by the proof of Mathieu [2022]. In time step ¢, given

the H; in Design Principle 1, define u;(#) to be the unit vector under the Mahalanobis distance induced

by H;. Recall that 6, is the unique solution to the risk minimization problem defined in equation 4.9.
0 — 6,

16 = Ol s,

One can verify with simple algebra that ||u¢(6)| g, = /ut(0)T Hyu(0) = 1.

w () := (4.49)

Next, define the following quantity which is the directional derivative of the empirical risk evaluated
at 0 — Aug(0) along the direction u:(6):

fr(A,0) == (Vo d (0 — Aui(0)) ,ue(9)). (4.50)

For a scalar A € R, note that under the event where A < [|§—6y| g, , the point # — Au.(6) will be between
0 and the global minimizer 6,. Given the convezity of the risk-minimization problem, the directional
derivative measured at that point, along a direction moving away from the global minimizer ét, will

be non-negative. In other words,

{10 =0lu, = 2} = {/:0,0) = 0}, hence P (0~ Oillw, = \) SP(f(A0) 20).  (451)

Relationship between f;(0,6) and the deviation of influence function.

Note that, when A = 0, f;(0,6) is the directional derivative evaluated at target parameter 6 and is

directly related to the deviation of influence function.
f1(0:0) = (V¢ (0) , ur(0))
= VJt(H)T Id ut(G)
—1/2 /2 . .
=VJ:(0)" H, H,'” uw(0) (H;is PD and symmetric)
< ||H‘1/2wt<e>|| P 6]
= IV g - [lwe(0)]] 1,

= ||VJ,5(9)||H71 (because ||u¢(0)||zr, = 1 by definition), (4.52)
= gp w(XT0) — Vi) X; + 26 deviation of “influence function” (4.53)
H!
w(XT0) - Vi) X; +28116] 71 - (4.54)
H!




80 CHAPTER 4. A GENERAL FRAMEWORK FOR M-ESTIMATORS IN BANDITS

Here, equation 4.53 is exactly the norm (in Mahalanobis distance) of the influence function with-
out the inverse matrix term. And equation 4.54 shows that it can be further decomposed into a
“self-normalized” vector process (which we later connect to sub-t) martingale vector process in Sec-
tion 4.3.4.1), as well as a simpler bias term. Specifically, for the bias term we have:

~ P —1/2
25110 -+ = 28115, /0]
~ —1/2
< 2616/l Hy o

~ 1
DY p——
)\min(Ht)

< 2y/B1oll < 2¢/3s. (4.55)

The last inequality was because A\pin(Ht) > B, from Design Principle 1.

Puttingequation 4.55 and equation 4.54 together, the deviation of the influence function is bounded

as such:
t

> o(u(XT0) — Vi) X + 2536

i=1

t

> o(u(XT0) - Yi)X;

i=1

<

+2/Bs. (50)

Hy

H '

Connection between f;()\,60) and f;(0,6)

The connection between f;(A,0) and f;(0,60) can essentially be quantized by the minimum eigenvalue
of Hess(6). By Assumption S.1, f;(A,0) is differentiable in A. Taking the derivative of f:(),#) with
respect to A, we get:
0

[N 0) = =—fl (N0

ft(/\v ) 8)\ft(A7 )

= —u(0)T Hess(6 — Aug(6)) u(6)
= _”ut(e)”%ess(@—)\ut(@))

< 0. (4.57)
The last inequality was because Hess(6 — \u(6)) is a positive-definite matrix (trivially from Assump-

tion S.5). This means f;(), 0) is decreasing with A. By the mean value theorem, there exists ¢ € (0, \),
such that

10 6) = F(0,6) + X £{(c.0) (459)
< £(0.6) = inf |f{(e:0)]  (Fi(e.0) <0) (4:59)

If Design Principle 1 is satisfied, then with probability 1—4dg, | £/ (¢; 8)] is lower bounded with a positive
constant:
££(&50)] = 1ut(0) | Fress(9—cur(8))» € € (0,2)
= u;(0)THess(0 — cu(0))us(6)
(0 — 6,)THess(0 — cuy(9))(0 — 6;)

= — by definition of u:(6) in equation 4.49
160 = 6217,

_ ||9 - 6t||%-less(9—cut(9))
16— 6:]1%,

> Cp. (4.60)
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The last inequality was due to the conditions specified in Design Principle 1. Let ¥ = 6 — cu;(0), then

0—0
19 = 0| = [[eur(0)]| = ||e——F—
10 — B¢l
C ~
= —————||0 — 0]
10 — 0l m,

<[0—0 (c<Xand X< [0—0;]x,)
<2S (triangular inequality).

Therefore, the events satisfy

(F(00) > 0) = {ft<o,9> > it [Ji(c e>|} = (/(0,0) > ACo) (4.61)

Anytime-valid confidence sequence based on deviation of the influence function

Recall that equation 4.51 combined with equation 4.61 gives
{116 = 0ullzr, > A} = {£(0,0) > ACo}. (4.62)

Now, for a sequence of time steps ¢ = 1...7T and the accompanying sequence of matricies in Principle 1
(Ht)¢=1.. T, we can deduce that, for a process (A(t))s=1..:

P (Elt, 16 — 0|, > )\(t)) <B(E: £:0.0) 2 X it |fj(e:0))
= 1=P(vt: fi(0.0) <A _inf |7{(e:0))

<1—P({Good event in Lemma 1} N {Vt: f:(0,0) < CoA})
<ég+P(3t: ft(O 0) > CoA(t))

<oy +P(3t: Z@ (XT0) — Vi) X, + 2536 > CoA(t))
H!
deviation of IF
t ~
<o +P |3 [Sewxio-vox|  + 285 > o
=1 H;l N —

bias term

deviation of unregularized score function

(4.63)

4.9 Auxiliary Derivations

4.9.1 Comparison of Sub-¢y Concentration Results

1. Abbasi-Yadkori et al. [2011] derived self-normalized concentration for vector process with sub-
Gaussian increments specifically. According to Lemma 9 of Abbasi-Yadkori et al. [2011], for
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t
(Z m)g) > U\/2dlog <1“5LQ/B) <6 (4.64)
i=1 H;l

2. As mentioned in Section 4.3.4.1, Whitehouse et al. [2023b] provides a more general sub-¢ char-

0 >0,

P | 3,

acterization that unifies existing martingale vector concentration results. Since the noise is con-
ditionally sub-Gaussian, the process S; = Z§=1 1;X; is sub-¥y with respect to variance proxy
Vi, where 1y represents the sub-Gaussian condition. Their result is in terms of the condition
number of the variance proxy x(V;) = ’}C‘L((“//t’)), while the result from Abbasi-Yadkori et al. [2011]
is in terms of its determinant.?

t
P ( 3t (Z m)g) > O(\/loglog Amax(H:/B) + dlog k(Hy)) | <6, (4.65)
i=1 H;l
t
=P 3, <Z mXi> > O(y/loglog(1 +tL2/B) + dlog(1 +tL2/3)) | <& (4.66)
=1

H?

Note that Amax (O X: XT + 814)/8) < % + 1. And Apin(Hy) > 8. k(H;) < % +1.

4.9.2 GP-UCB Uses Confidecnce Ellipsoid in RKHS
It is easy to see that, using the close-form representation of the kernel ridge estimator
R ¢
fo=> " (K(X4,Xy) +28L) 7" 0(X,)Y;,
i=1
the predicted mean (the first term) is (fy, ®(X;)) = k(z, X;)(K; + BI,)~1Y,. This exactly recovers

the first term (u;(z)) in the UCB expression from Srinivas et al. [2009] (by setting 8 = o2 their prior

variance). For the second term,

[@ (@)l 4150 = \/ (@), A B(2))
= /(®(2), (2,7 ®; + Bidy) 10(x))x

1
@ \/<<I>(x)7 (;idy - %@J(Mt + @@J)“I’t) ®(2))n

(_3) \/<<I>($), (;idy - %‘I)tT(BIt + k(XtaXt))_l(I’t) _ @(x))u

_ \/;k(x, z) — %k(m, X,) (B + K(X:, X)) K(Xy, 2).

In the above, (1) is from using Woodbury matrix identity and (2) is from using the kernel trick:
k(z,2") = (®(z),®(2')). The final expression exactly recovers the second (variance) term in the
UCB expression: oy(z) = \/k(z,2') — k¢ (z)T(K; + 02I)~Tk:(2'), up to a factor of /1/3.

3Whitehouse et al. [2023b] remark that these two bounds (for the sub-Gaussian case) are in general non-comparable,
which is tighter would be decided on a case-by-case basis depending on the structure of V;.
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4.9.3 Auxiliary Derivations for Section 4.6.2

el = ISl + 2run (O Y)STH; 1Xt+r?so%<”t>XTH 'X,

2
= ||S:= 1||H i 2rt<p1(77 ) — StT JH7L X +Tt2g0%(nt) ot by Woodbury matrix identity
1+w 1+ w?
2
_ 2 "o Ui 2 2,y Wi
- ||St—1||Ht111 + 2\/14_72()01( )”St—l”Htill +ry @1( t)l +w?

=[S 1||H—1 +27“0<,01( )HSt 1||H L +7“094’1( )

\W_/
#1 #2

4.9.4 Proof of Lemma 29

Proof. Recall that the condition for a vector process S; € R? to be sub-¢) with some cumulant gen-
erating function (CGF)-like function ¢, with respect to some variance proxy process V; € R¥*? is as

follows:

exp(A(v, St) — v(\) (v, Viv)) < L}, Vo € S (4.67)

Where L}"" is a non-negative supermartingale. By induction, let exp(A(v, S;_1) — ¥(A\) (v, Vi_1v)) =

L}, if we could prove that
Eo-1lexp(A(v, $2) — () v, Vio))] = L x Eoor [exp(Au, AS:) — $(A) (v, AViu)] < LYY, (4.68)
that would conclude the proof. Which means we need to show that
Ei—1[exp(AMv, ASy) — ¢ (A) (v, AVyw))] < 1,

for ASt = ThXi and A‘/t = ]EiflAStAStT = Elfl[n?]XzXzT

Recall that n; | F;—1 follows a centered Poisson distribution. According to the MGF of Poisson distri-

bution,

E:_1[exp(A(v, AS;))] = Ei_q[exp(AvT X))
= exp(p(eM X — NTX, — 1)), p=p(XT0¥)

o~ AT X [P
<expp <Z U]dt) (Taylor expansion).
k=2 ’

Since AV, = E;_1[n?]X; X[, we have

er—eh—1
VYp.e(N) (v, AViv) = TVart,l(nt)(vTXt)Q

=p(e — X —1)(vTX;)%c¢™2  variance of Poisson distribution

e ck—?)\k T X, 2
e
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Therefore, if we choose ¢ larger or equal to max,ey |vTz|, then

E¢—1[exp(Mv, ASp))] < exp(¢pc(A) (v, AViv)) =
E, 1| exp(A(v, AS;))

Hexp(hp.o(N) (v, AVw))
E¢1[exp(Mv, AS:) — ¥p(N) (v, AViv))] < 1.

|1<1=

Since v € S?!, we know that [vTX;| < L, so a simple choice for ¢ is ¢ = L. This concludes the

proof. O



Chapter 5

Conclusion and Future Directions

This thesis provides generalizations for the bandit optimization framework in algorithm design and
theoretical guarantees. The first part of this thesis (Chapter 2 and Chapter 3) generalizes the reward
structures and problem assumptions. Chapter 2 presents a family of minimax optimal algorithms for
Holder function spaces, which capture all degrees of smoothness and encompass both linear and Lips-
chitz spaces studied by prior works as extreme cases, closing the gap for bandit optimization of smooth
differentiable functions. In Chapter 3 we remove the potentially-stringent assumption which assumes
that the algorithm knows the exact smoothness of the reward function space. We answer the theoret-
ical question of how well an algorithm can do without the a priori knowledge of the smoothness. Our
results span across Reproducing Kernel Hilbert Space, Sobolev space and Hélder space, and provide a
conclusive characterization of an algorithm’s best possible performance without the afrorementioned
key knowledge of the reward function space. The second part of this thesis (Chapter 4) has a some-
what different flavor, as it provides a novel generalized way to think of theoretical analysis for a family
of existing bandit algorithms that were developed to operate under different problem structures and
were seemingly distinct. The analytical framework we propose makes novel connections to existing
statistical methods, highlights the fundamental factors that underline different settings, and provides

as a unifying interpretation of such bandit algorithms.

This thesis establishes groundwork for future explorations in several interesting and non-trivial direc-
tions. Future extensions can be found in the discussion section of each chapter. Here, we summarize
several important directions, from more specific ones to higher-level contemplations. The first di-
rection is the improvement of algorithm and theoretical analysis from “worst-case” to benign cases,
where additional structures can be leveraged. In Chapter 2, we focus on the “worst-case” bounds.
Such bounds are satisfied for all functions in the target function space, but might not be optimal for
some easier-to-optimize instances within. For example, an additional “growth” condition of functions
around the optima was proposed in prior works [Kleinberg et al., 2008, Bubeck et al., 2010] to further
represent how easy it is to optimize a continuous function. To adapt to these conditions, prior works
develop methods for Lipschitz reward functions that achieve better cumulative regret bounds than
the worst-case bounds. These methods (such as the adaptive discretization method in Bubeck et al.
[2010]) can potentially be seen as orthogonal to our algorithms in Chapter 2. Thus, it is interesting to
see whether our algorithms can leverage these methods and further take advantage of benign cases in

the broader Holder function class.
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The second future direction, which is related to our framework in Chapter 4, is optimality for individual
cases. The current framework, despite its advantage of unifying across different scenarios, does not
yield optimal results in certain cases. More specifically, the dependence on certain parameters is not
as tight as the state-of-the-art. For an example, see the remarks in Section 4.5.3. It is worth extending

and improving it so that it is able to recover optimal results for each of the specific settings.

More broadly, with the rise of increasingly powerful machine learning methods and the growing number
of domains that have embraced them, many of which involve expensive queries and scarce data, there
is a need to advance both the theory and methods of sequential decision-making. To adapt these
methods to the evolving landscape, it is essential to develop uncertainty quantification techniques that
are both general, so they can accurately capture uncertainty under complex structures, and robust, so

that their guarantees remain valid even when the problem structures are misspecified.

Furthermore, it is worth understanding when theoretical insights about these uncertainty quantification
methods remain practical enough to guide active algorithms in experiments, even when the assumptions
required to obtain theoretical guarantees are not strictly satisfied. For example, the connection to
influence functions explored in Chapter 4 grew from our contemplation of these issues, and the use of
influence functions in both classical statistics and empirical tasks with neural networks (Section 4.7).
Although our study remains in a purely theoretical regime, future efforts should study whether the
insights of using influence functions to guide sequential decision-making (bandit) algorithms can also
be valuable empirically. Chapter 4 represents our step towards these broader goals for sequential

decision-making.

To conclude, we believe that the contributions in this thesis and the future efforts for which we pave

the way enhance the bandit framework in essential and meaningful directions.
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